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Abstract

How does the introduction of a central bank digital currency (CBDC) affect the transmission of
monetary policy? Is paying interest on central bank liabilities contractionary or expansionary?
Do CBDC design features—such as its substitutability with bank deposits and whether it bears
interest—matter for monetary policy transmission? To address these questions, we develop a
general equilibrium model with nominal rigidities, liquidity frictions, and a banking sector in
which commercial banks face a leverage constraint. In the model, both CBDC and commercial
bank deposits provide liquidity services to households. Banks issue deposits, extend loans to
firms, and back these deposits with loans and central bank reserves. We find that an
expansionary reserve quantity shock causes disinvestment, that is, higher reserves crowd out
private investment. The economy’s response to an increase in the interest rate on CBDC
depends on the monetary policy framework: such a change is expansionary when policy targets
the reserve interest rate and contractionary when it targets the CBDC interest rate. Moreover,
the response to a change in the interest rate on reserves depends on the central bank’s balance
sheet management—specifically, how the quantities of CBDC and reserves are determined.
Finally, CBDC design matters: imperfect substitutability between a zero-interest CBDC and
deposits amplifies macroeconomic responses to monetary policy shocks, while high
substitutability yields outcomes that are essentially the same as those in an economy without
a CBDC.

Topics: Digital currencies and fintech, Interest rates, Monetary policy, Monetary policy
framework, Monetary policy transmission, Monetary aggregates
JEL codes: E31, E4, E58, G21, G51

Résumé

Comment l'introduction d'une monnaie numérique de banque centrale (MNBC) influence-t-
elle la transmission de la politique monétaire? Le paiement d'intéréts sur le passif de la banque
centrale a-t-il un effet restrictif ou expansionniste? Les caractéristiques de conception d'une
MNBC - telles que sa fongibilité avec les dépdts bancaires et la possibilité de lui faire produire
ou non des intéréts — ont-elles de I'importance pour la transmission de la politique monétaire?
Pour répondre a ces questions, nous élaborons un modéle d'équilibre général comportant des
rigidités nominales, des frictions relatives a la liquidité et un secteur bancaire dans lequel les
banques commerciales sont assujetties a une contrainte de levier d’endettement. Dans ce
modele, la MNBC et les dépots dans les banques commerciales peuvent tous les deux étre
utilisés comme modes de paiement et constituent un vecteur de liquidité pour les ménages.
Les banques offrent des services de dépdt, octroient des préts aux entreprises et garantissent
ces dépots par des préts et les réserves de banque centrale. Nous constatons qu'un choc lié a
I'expansion des réserves entraine un désinvestissement, c'est-a-dire que des réserves plus
importantes ont un effet d'éviction sur les investissements privés. La réaction de I'économie a

une hausse du taux d'intérét de la MNBC dépend du cadre de conduite de la politique
i



monétaire : un tel changement est expansionniste lorsque la politique monétaire cible le taux
d'intérét de réserve et restrictif lorsqu'elle cible le taux d'intérét de la MNBC. En outre,
la réaction a une variation du taux d'intérét sur les réserves est influencée par la gestion du
bilan de la banque centrale et, plus précisément, la facon dont les quantités de MNBC et
de réserves sont déterminées. Enfin, la conception de la MNBC est importante : la fongibilité
imparfaite entre une MNBC ne portant pas intérét et les dépots amplifie les réponses
macroéconomiques aux chocs de politique monétaire, tandis qu'une fongibilité élevée donne

des résultats essentiellement identiques a ceux d'une économie sans MNBC.

Sujets : Monnaies numériques et technologies financieres; Taux d'intérét; Politigue monétaire;
Cadre de la politique monétaire; Transmission de la politique monétaire; Agrégats
Codes JEL : E31, E4, E58, G21, G51



1 Introduction

The effects of monetary policy (MP) shocks on the real economy remain a central question in
macroeconomics. The dominant analytical framework for studying the MP transmission, the
standard new Keynesian (NK) model that features nominal rigidities, while highly useful for
policy analysis, exhibits two notable limitations. First, money is absent from most NK models:
transactions and liquidity services play no explicit role in shaping equilibrium outcomes and
the quantity of money is largely irrelevant for real variables. Second, the policy rate set by the
central bank is usually assumed to be the same interest rate that is relevant for households and
firms. This abstraction removes the role of banks and the distinction between different interest

rates in the economy.

At the same time, recent developments in payment technologies—particularly the prospect of
introduction of a central bank digital currency (CBDC) in many countries—have renewed inter-
est in how the MP transmission may change in the presence of a publicly provided, potentially
interest-bearing, liquid asset that competes with commercial bank deposits. As a means of pay-
ment, a CBDC would compete with bank deposits and thereby have implications for the bank-
ing and financial system. As a store of value, CBDC would be used along with bank deposits,
government bonds, and other safe assets, which would have macroeconomics implications. Al-
together, a CBDC could alter the relative demand for bank deposits, the supply of credit, and
the equilibrium determination of interest rates, thereby altering the effectiveness of traditional
MP tools.

These considerations call for a framework in which money, banking, and CBDC can be jointly
analyzed within a coherent model of MP transmission. In this paper, we develop such a frame-
work by embedding money and banking into an NK model. In the model, banks subject to
financial frictions issue deposits that could compete with CBDC as instruments providing lig-
uidity, with two key extensions. First, we incorporate complementarity between consumption
and real balances, a property inherited from New Monetarist (NM) models. Second, we allow
for rich CBDC design features, including varying degrees of substitutability between CBDC and
bank deposits.

Banks play an important role in our model. On the liability side, they issue deposits that are
used to buy final goods. On the asset side, they hold reserves and invest in loans that are used in
the process of producing final goods. Therefore, banks influence both the demand and supply
sides of the economy through issuing reserves and investing in loans, respectively. Traditional
monetary policy shocks (to the rate on or quantity of reserves) affect banks’ behavior through

the leverage constraint. Novel monetary shocks (on the rate on or quantity of CBDC) affect



household demand for deposits, which in turn affects banks’ optimal decision that governs al-

location of their assets and liabilities.

By taking liquidity and financial frictions seriously, our model bridges the gap between NK and
NM approaches. Our model allows for separate policy instruments—a short-term interest rate
on reserves and the quantity of reserves—and examines their effects on the macroeconomy
both with and without a CBDC.!

To understand the basic economic forces in the model, we first study the impact of a canonical
monetary policy shock, an increase in the interest rate on central bank reserves, in the absence
of a CBDC. There are three main channels through which the shock transmits to the economy.
Firstly, a standard NK channel, where an increase in illiquid bond interest rates leads to lower
current consumption via the Euler equation and thus reduced aggregate demand and output,
which in turn impacts inflation via the NK Phillips curve that arises due to sticky prices. Sec-
ondly, a New Monetarist (NM) channel, where a narrower spread between illiquid bond and
bank deposit rates reduces the opportunity cost of holding deposits (cost of liquidity), thereby
boosting deposit demand and consumption, as well as labor supply and output in the presence
of complementarity. Lastly, a supply channel, where higher capital costs arising from higher
costs of bank funding reduces investment, leading to a decline in output. These three channels
together illustrate the interplay of economic forces following a monetary policy shock in the
model.

Our first novel result is that an expansionary reserves quantity shock (similar to a money sup-
ply shock in the old monetary literature) can lead to disinvestment—a decline in investment
despite higher reserves—regardless of whether there is complementarity between consump-
tion and real balances or whether a CBDC is present. That is, an abundance of reserves crowds
out private investment. Before we explain the economic mechanism behind this result, we want
to clarify the distinction between disinvestment and disintermediation. In many papers in the
CBDC literature, disintermediation generally refers to the situation in which banks issue fewer
deposits, like in Keister and Sanches (2023) and Chiu et al. (2023). Our result, however, is about
disinvestment, where real investment declines, but deposits issued by banks in fact increases.
That is, as the quantity of reserves increases in the system, the banks issue more deposits (so
more intermediation, not disintermediation) but invest in fewer loans, thus resulting in less

private investment.

The mechanism underlying our disinvestment result is as follows. When the central bank injects

'We extend the model in the appendix to include fiat cash. In the main text, we do not include cash to make
the exposition simpler.



additional reserves into the system, the spread on central bank reserves, defined as the rate
on illiquid bonds minus the interest paid on reserves, must decrease to provide banks with
the incentive to hold these reserves. As long as central bank reserves and claims to capital are
(to some extent) substitutes in satisfying the leverage constraint, a reduction in the spread on
reserves translates into a reduction in the spread on capital returns. Holding the interest rate on
illiquid bonds constant, this implies that the rate of return required on capital must increase.
Consequently, capital becomes more costly, leading to a decline in investment. Interestingly,
this mechanism operates whether or not there is complementarity between consumption and

money.

Two elements are central to this disinvestment result. First, deposits carry a liquidity premium,
and reserves inherit this premium because they provide backing for deposits. Second, reserves
and capital claims are substitutes in meeting banks’ leverage requirements—albeit with re-
serves considered higher-quality assets—so that changes in the interest rate on reserves are

transmitted directly to the cost of capital.

Results in the literature that might appear puzzling when viewed solely through a single theoret-
ical lens can be reconciled within our framework. For example, in NM models, paying interest
on money is typically expansionary, whereas in NK models—and in empirical findings—higher
policy rates are generally considered contractionary. Our framework reconciles these perspec-
tives by distinguishing payment instruments, the set of agents allowed to hold them, and the
channel through which central bank policy is implemented. In our setup, only banks hold re-
serves, only households hold CBDC, deposits and CBDC provide liquidity services with poten-
tially imperfect substitutability, and monetary policy can be conducted via either CBDC or re-
serves. This structure allows us to examine how alternative policy regimes shape the effects of

interest rate changes, leading directly to our next result.

Our second novel result is that the monetary policy framework itself critically shapes the effects
of interest rate changes: a CBDC interest rate shock has opposite effects on consumption, out-
put, investment and inflation depending on whether monetary policy is conducted through re-
serves or through CBDC. To illustrate this, we compare responses to the same shock—a change
in the CBDC interest rate—under two policy regimes: (i) a Taylor rule in which it sets the re-
serves interest rate, and (ii) a Taylor rule in which it sets the CBDC interest rate. Focusing on
a positive CBDC interest rate shock, we find that when reserves are the primary policy instru-
ment, a higher CBDC interest rate becomes expansionary: by reducing the opportunity cost of
liquidity for households, it increases labor supply and consumption, operating through a chan-

nel familiar from NM models. In contrast, when CBDC is the primary policy instrument, the



shock is contractionary, resembling the standard NK transmission mechanism for an interest
rate shock. This finding underscores that the choice of policy instrument and framework—not

just the level and change in interest rates—can fundamentally alter macroeconomic outcomes.

We then turn to perhaps a more practical part of the paper and study effects of a zero-interest
CBDC—the form most frequently discussed by central banks. Our third novel result concerns
the role of CBDC design in shaping macroeconomic dynamics. CBDC design matters in a non-
trivial way: When the CBDC is an imperfect substitute for deposits, it amplifies the responses
of consumption, output, and inflation to monetary policy shocks (thus for both shocks to in-
terest rate on reserves or to quantity of reserves). When the CBDC is a perfect substitute with
deposits, the responses to shocks are essentially the same as those observed in the model with-
out a CBDC. This finding highlights that the substitutability between CBDC and deposits is a

key parameter governing the transmission of monetary policy.

Finally, we show that the response of the economy to a standard monetary policy shock de-
pends on balance sheet quantity rules that govern the evolution of the central bank balance
sheet variables. To best illustrate this point, we compare two scenarios, one in which the central
bank fixes the CBDC rate and one in which it fixes the CBDC quantity. In response to a stan-
dard reserves interest rate shock (i.e., a shock in the Taylor rule that governs the interest rate
on reserves), fixing the CBDC interest rate leads to a significant fall in output and consump-
tion compared to fixing the CBDC quantity. What explains this result? When the CBDC interest
rate is fixed, the opportunity cost of holding CBDC rises with an increase in the illiquid bond
rate, making liquidity more expensive and reducing consumption and output further. When
the CBDC quantity is fixed and its interest rate is flexible, the CBDC rate increases in response
to pressure from rising deposit rates, activating the NM channel and mitigating contractionary
effects of the shock. This exercise thus highlights the importance of the balance sheet quan-
tity rules in determining MP transmission, which is in stark contrast to standard NK models
where changes in the quantity of real money balances have no independent effect on other real

macroeconomic variables once the short-term nominal rate is determined.

Literature. Our paper is, on the one hand, related to standard macro models that model fi-
nancial frictions explicitly. Some related models include Gertler and Karadi (2011), Gertler and
Karadi (2015), Gertler and Kiyotaki (2010), Sims and Wu (2021), Benigno and Benigno (2021),
and Bhattarai and Neely (2022). On the other hand, it is related to the growing literature on
CBDCs, covering a wide range of topics. In this part, we first compare our results with the most
closely related papers including Piazzesi et al. (2019), regarding the transmission of monetary

policy shocks, and Chiu et al. (2023), regarding the main economic forces at play in the steady



state. Next, we discuss the related literature more broadly.

Piazzesi et al. (2019) study an NK model with money-in-the-utility function and complemen-
tarity between consumption and money. There are two key differences between our model and
theirs. First, in our model, the CBDC and bank deposits both provide liquidity to households
and could be substitutes or complements depending on the design of the CBDC. In their paper,
agents either use central bank money (Section 2) or bank deposits (Section 3) and the paper
does not consider the effects of a CBDC on the banking system. Second, banks in our model
lend to firms to finance their capital expenditure, whereas in Piazzesi et al. (2019), banks simply
invest in some assets with an exogenous rate of return. Modeling the interactions between de-
posits and other means of payments provides insight into how changes in the interest rate of a
CBDC or its design features affect demand for bank deposits (the first difference), which in turn
changes the cost of funding for firms, eventually affecting the supply side of the economy (the

second difference).

In Chiu and Davoodalhosseini (2023), banks issue deposits and extend loans to firms, and the
CBDC and bank deposits compete in the sense that both can be used in a fraction of trans-
actions. The similarity between their model and ours is that in both models, the supply and
demand sides of the economy are connected through banks’ decisions. However, there are
many differences between the two papers. They do not study dynamic responses to shocks
in a model with nominal rigidities and capital accumulation and focus only on the steady-state
analysis. Moreover, our model allows for a wider range of design features between a CBDC and
other payment methods. Finally, in our model, banks face financial frictions, which gives rise to
demand for central bank reserves. As a result, monetary policy affects this economy via a richer
set of policy tools (i.e., inflation rate, the CBDC interest rate and quantity, and the reserves rate
and quantity) relative to their paper, in which there is no demand for central bank reserves and

the only central bank policies are the inflation rate and the interest rate on the CBDC.

Abad et al. (2023) study the implications of a CBDC for macroeconomic variables, focusing
on frictions in the interbank market. Similar to our paper, they have a money-in-the-utility
function framework, but they do not consider the complementarity between consumption and
money that activates the NM channel in our paper. They also do not study effects of different
types of monetary policy shocks. In a macroeconomic model with bank deposit market power,
Paul et al. (2024) study welfare implications of introducing a CBDC as well as the transitional
dynamics following the introduction of a CBDC in a closed economy framework. Assenmacher
et al. (2023) incorporate NK frictions in an NM model. They find that having a CBDC does not

markedly change the model’s response to macroeconomic shocks. In contrast to the last two



aforementioned papers, we provide nuances for the response of the economy in the presence
of a CBDC and show that details matter substantively, i.e., the elasticity of substitution between
CBDC and deposits, the monetary policy framework, and the balance sheet quantity rules, for

macroeconomic outcomes.

In an extension of Minesso et al. (2022), Assenmacher et al. (2024) include financial frictions and
occasionally binding constraints in a two-country DSGE model. They find that the transition
from a non-CBDC regime to one with a CBDC triggers an initial surge in demand for CBDC and
money, leading to the displacement of bank deposits and a subsequent decline in investment,
consumption, and output. In a related work, Bidder et al. (2024) show that CBDC along with a
proper holding limit increases financial stability and welfare. These papers focus mostly on the
transitional dynamics of introducing a CBDC and not so much on the transmission channels of

standard monetary policy shocks or balance sheet quantity shocks in the presence of a CBDC.

Similar to our paper, Gelfer and Gibbs (2023) obtain a disinvestment result in a two-country
macro model with financial intermediation following an asset purchase policy, though from
a different channel. In their paper, disinvestment comes from an open economy setting and
changes in the real exchange rate. In our paper, the result comes from changes in the premium

on reserves which spills over to the rate of return on capital.?

The rest of the paper is organized as follows. Section 2 introduces the model and analyzes the
steady state equilibrium. Section 3 studies the dynamic responses to shocks. We also prove
analytical results in this section for some special cases of the model. Section 4 includes the
quantitative results and impulse response functions to shocks. Section 5 concludes. There are
several appendices that are organized as follows. Appendix A collects equilibrium conditions
in the benchmark model. Appendix B provides proofs of Propositions 1 and 2. Appendix C
provides proofs of Proposition 3 and Corollary 1. Appendix D discusses the role of different
model ingredients. Appendix E discusses a robustness check. Appendix F extends the model to

include cash. Appendix G collects some special cases of the model for illustration.

2We organize other related literature into four categories. The first category, CBDC and banking, examines the
impact of CBDC on the traditional banking system: Andolfatto (2021), Keister and Sanches (2023), and Chiu et al.
(2023), as well as Ferndndez-Villaverde et al. (2021), Benigno et al. (2022), Niepelt (2020), and Williamson (2022a,b).
The second category, CBDC and monetary policy, examines the macroeconomic consequences of CBDCs in DSGE,
NM, and other models: Barrdear and Kumhof (2022), Assenmacher et al. (2023), Davoodalhosseini (2022), and
Benigno and Benigno (2021). The third category investigates CBDC and financial stability: Fernandez-Villaverde
et al. (2021), Williamson (2022a), and Chiu et al. (2020). The fourth and final category explores digital currency
design and platforms: Chiu and Koeppl (2019), Brunnermeier and Payne (2022), and Cheng et al. (2024).



2 Model

We use a relatively simple model which consists of households, firms, banks and the central
bank. The time is discrete, = 0,1,..., and goes forever. Banks issue deposits to households
and make loans to firms. Households use these deposits as payment means, in addition to
the CBDC issued by the government. In our model, CBDC can be understood as central bank
accounts accessible to households that earn interest (if the central bank so decides) and can be
used for payments.® In this version of the model, we do not include cash to simplify the analysis
and clarify the mechanisms in action. Finally, the central bank issues reserves solely available

to banks to back deposits.

Banks in our model are similar to the banks in Piazzesi et al. (2019). However, a key difference is
that we incorporate the credit channel of monetary policy. In our model, firms depend on banks
for their capital funding, meaning that changes in the cost of loans (stemming from shifts in the
cost of reserves or deposits for banks) impact the supply side of the economy. Thus, a feedback
loop exists from bank credit to firms’ investment in capital and overall aggregate supply. In
contrast, the banks in Piazzesi et al. (2019) invest in assets that do not affect the supply side
of the economy. The production side in our model follows standard NK models with financial
frictions, e.g, Gertler and Karadi (2011) and Gertler and Karadi (2015).

2.1 Households

Households consume a final good for which they need to use means of payments, including
deposits and CBDC. We use the money-in-the-utility function framework and obtain a demand
function for means of payments.? Using this model, one can study the implications of different

design features of a CBDC for macroeconomic outcomes.

3The CBDC we consider in this paper is a retail CBDC which can be held only by households. However, we do
not take a stance on the technological aspects of CBDC. The verification of the identity of the CBDC holder may or
may not be required. CBDC can even be token based. We do not discuss details here. See the literature review by
Chapman et al. (2023) for further discussion on the design of a CBDC. More broadly, see Ahnert et al. (2022) and
Davoodalhosseini and Rivadeneyra (2020) for literature reviews about CBDCs and e-monies.

“There are various ways in the literature to motivate the money demand function including: money-in-the-
utility function (Sidrauski (1967)), cash-in-advance constraint (Lucas Jr (1982)), shopping time technology (Kim-
brough (1986)), or a transactions-cost technology (Feenstra (1986)).



2.1.1 Household Preferences and Maximization Problem

Preferences at time ¢ over consumption good, means of payments, and labor are given by

_1
D, F 1 1-1 -0\ o
U(Cty_t;_t;Ht):—(Ct "+wDLiqt n)l ] _LHH(P
P, P; 1

where Liq; is a liquidity aggregator,

Lig, = ((Dt/Pt)l‘% e (Ft/Pt)l‘%) o

wWp
and D, and F; denote the nominal deposit and CBDC balances that bear interestrates i” and il
respectively; H; denotes the units of labor supplied; and P; is the price level. As in Piazzesi et al.
(2019), the utility function features 1, which denotes the intratemporal elasticity of substitution
between consumption and the liquidity aggregator, and o, which denotes the intertemporal

elasticity of substitution between the consumption bundle today and tomorrow.

Two points are in order regarding this period utility function. First, as long as o = 7, the utility
is separable in consumption and the liquidity aggregator. If o > n (o < 1), consumption and
the liquidity aggregator are complements (substitutes). Second, there are two design features
of a CBDC. These features are determined by the CBDC technology, and the government might
be able to affect them. First, v denotes the elasticity of substitution between deposits and the
CBDC. As v increases, deposits and the CBDC become better substitutes and remain substitutes

as long as v > 7. Second, the term ‘Z}L]f captures the relative transaction costs for households.”
A household’s expected lifetime utility maximization problem at date 0 is given by

D, F,

[e,0]
E, IU(C,—,—,H)
;0[5 vpop, i

max
Ci,D,Fr,Hy, Sy

s.t. P,.Ci+ D+ Fi+ S,
= WiH—Ti+T+ Dy (1+i2 )+ Froy (1415 ) + S (1+37)).

The nominal flow budget constraint is standard. Households receive wage income, W; H; and

SFor example, when the CBDC and deposits are perfect substitutes (v = co), "(’UL;’ = 1.01 implies that CBDC is
1% more effective than deposits in payments. This specification for CBDC is new and nests several special CBDC
designs that have been discussed in the literature. For example, a deposit-like CBDC (as in Chiu and Davoodal-
hosseini (2023) a perfect substitute with bank deposits: v = co. One can map the market shares and merchants’
acceptability to different values of v, wp, and wrp and then experiment with different designs of the CBDC.



profits of the firms, I1; and pay taxes, Ty, to the government (which can be negative). House-
holds can invest in deposits and CBDC which pay interest rates i” and i, respectively. They
can also invest in riskless private or public bonds, denoted by S;, which pay a nominal interest
rate i f . In Appendix D, we discuss the role of different model ingredients, for example, what
changes if households cannot hold illiquid bonds. The household is also subject to a standard

No Ponzi game constraint.

2.1.2 Households’ Optimality Conditions

Denote by A, the Lagrangian multiplier on the budget constraint. Households’ optimality con-
ditions are presented in detail in Appendix A. The optimality conditions for S and for each
J€{D, F}yield

Uj: .S .S . .S . if_i{
P_t :At—ﬁEt/lﬁ_l (1 +1; _(lt - lt)) :ﬁEtﬂ,H.] (lt - lt) = Atm
The money demand function for deposits and the CBDC are given by
i$—iP Y
ﬁ > a)D(VD“tVFD“[) with equality if D; >0, 2.1)
+1; ’ '
i —if 1oa-m\n -
ﬁ = a)FD(V;[VFD“t) with equality if F; > 0, (2.2)
+ 0y ’ ’
where
. PtCt
Velocity: Vj;= for Je {D, F},
t
and
1 1 1;
=1 WFD _ +-1)3i-
Vip = |V, +——Vi, |7 2.3)

wp

The money demand functions above are a generalization of those in Piazzesi et al. (2019). In
their paper, there is neither a competition between the means of payments nor a rich set of
substitution/complementarity patterns between them. To understand the economic forces in

play, we focus on Equation (2.2) as Equation (2.1) is similar.

The LHS of Equation (2.2) shows the marginal cost (i.e., the opportunity cost) of holding a unit
of CBDC. By holding CBDC, households forgo the interest that they could get by holding riskless



bonds, i f . Instead, they receive interest on the CBDC, i f . The RHS of Equation (2.2) shows the
marginal benefit of holding a unit of CBDC, which comprises of the benefit of using CBDC in
conjunction with deposits. It is equal to a product of two terms, the velocity of the CBDC, Vp,
and a composite velocity, Vrp. Here, by velocity we mean the standard definition, i.e., how

much consumption can be purchased using one unit of money in circulation.

As CBDC and deposits become better substitutes (v increases), the weight of CBDC velocity
reduces and the weight of composite velocity increases. In an extreme case where v becomes
very large, which means that CBDC and deposits become perfect substitutes, only the compos-
ite velocity matter, which simply means that only aggregate balances (D + ‘Z%JF ;) matters, not
individual balances in deposits or CBDC. In another extreme case where v = 1, only individual

velocities matter. That is, CBDC and deposits demands are independent.

Note that i and i¥ can go below zero depending on the liquidity service they provide to house-
holds.® Finally, Equation (2.2) is independent of o, implying that the demand functions derived

here do not depend on whether the utility function is separable in its arguments or not.

The optimality condition for labor supply is given by

1 11 W,
C?ywH? =Q? P—t, (2.4)
t
where
1__77 1-n
Q= 1+wDVF,’3,t) . (2.5)

Equation (2.4) denotes the optimal labor supply condition stating that the marginal rate of sub-
stitution between consumption and labor supply is simply equal to the relative price of the two,
which is equal to the adjusted real wage. Piazzesi et al. (2019) obtained a similar condition

except that the definition of Q; has been modified in our case.

For the case of separable utility (7 = o), Equation (2.4) is self-explanatory. In the more general
case of non-separable utility (1 # o), the real wage has to be adjusted by another term depend-
ing on Q. To provide a more concrete explanation, consider the case where consumption and
means of payments are complements (o > 1), the case that resembles closely a model with a

cash-in-advance constraint.” As the nominal interest rate increases, the opportunity cost of

6Yet, the model can introduce an effective lower bound for deposits for a given interest rate on CDBC. That
lower bounds is the highest rate under which there is no demand for deposits.

“Empirical studies also confirm that o > 7 is indeed the relevant case. For example, o is set to be 1 in Gali
(2008) and n is assumed to be around 0.2 to 0.5. See the related empirical findings in Section 2.5.4 of Walsh (2017)
textbook.

10



holding money rises, which works effectively as a tax on consumption and consequently a sub-
sidy on leisure. Therefore, the household reduces labor supply as the opportunity cost of hold-
ing money increases. (See Chapter 3 of Walsh (2017).) To see this effect clearly in our model,
simply put v =7 as a special case, which captures the case that all means of payments have the
same elasticity with respect to change in interest rates. As the nominal interest rate i f rises, the
velocities rise too (from the demand functions for means of payments), implying that Q must

increase. Therefore, the supply of labor, H, should fall from Equation (2.4), all else being equal.®

The Euler equation for illiquid bonds can be written as

_1

n_ 1
(Qtﬂ)‘7 1(Ct+1) o P
Q: Cy Py

BE; (1+if)=1. (2.6)

The optimal choice of holdings of an illiquid bond requires that the rate of return on the illig-
uid bond discounted by the stochastic discount factor be equal to one. Again, Equation (2.6)
is standard in the separable case. In the non-separable case, particularly when o > 1, as the
nominal interest increases, the opportunity cost of holding money increases. Therefore, the
agent discounts the future less (as mentioned above in the discussion about Q;), leading to less
consumption today. As the Euler equation for illiquid bonds, Equation (2.6), plays a key role in
monetary policy rate shock transmission under sticky prices, a difference in model dynamics
between the separable and non-separable cases (particularly when o > ) can arise if Q; gets
affected significantly.

To put everything together regarding a household’s optimality conditions: Equation (2.6) is a
generalization of a standard Euler equation in a case where consumption and means of pay-
ments are complements. This equation determines the relationship between the nominal in-
terest rate on illiquid bonds with the consumption of housholds. Equation (2.1) and (2.2) then
relate the velocity of different means of payments with the wedge between the nominal rate
on illiquid bonds and the nominal interest rate on that means of payment. This wedge arises

because of the liquidity services that these means of payments provide to agents.

8This channel is referred to as the “cost channel” in the NK literature, although it is often given relatively little
attention. In contrast, models that incorporate cash-in-advance constraints or follow the NM approach consider
this channel central to their frameworks. For example, in NM models, an increase in the opportunity cost of means
of payments leads buyers to bring less real balances to the decentralized market. This means that sellers work and
produce less, and as a result, output falls.
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2.1.3 Understanding Q

First, use Equations (2.1) and (2.2) to write Vp ; and Vg as functions of Vgp ; (assuming that D,

and F; are both used in equilibrium), then use Equation (2.3) to solve for Vrp

n

s iS_iP\'"™" iS P\
Vep, =0t [0f) | —= + ol | : 2.7)

DoATPl1+48 o148
Using Equation (2.1) again, we obtain
(if—l?)l v
I_T”_ U—g 1+its

VD,t =Wp = (2.8)

Equation (2.8) is a modified demand function for deposits in the presence of a CBDC. In the
case that a CBDC does not exist (wrp = 0), it reduces to Vp ; = a)l_)n ((i5-iP)1(1+39))". Like a
typical money demand equation, Equation (2.8) states that the velocity of deposits depends on
the opportunity cost of deposits (the numerator), but this opportunity cost should be adjusted
by an aggregator, which depends on the opportunity costs of both deposits and the CDBC (the
denominator). For example, when the CBDC and deposits are perfect substitutes (v — co), then
the velocity of deposits would be too large (i.e., there would be no demand for deposits) if if >

iP while it would be unaffected by CBDC if i’ < iP.

Second, we calculate Q; using Equation (2.7):

1
1-n -7

v (S P\ iS—iF\7
=[1+0%!' o) | —— +w" . (2.9
Qr DATPL 1448 O\ 1448

<

Equation (2.9) shows how Q; depends on two interest rate spreads in our model. Given our
discussion above about the role of Q; as an additional variable in the optimal labor supply and
Euler equations (Equations (2.4) and 2.6)) for the non-separable utility function case, it then
points out how the key channels of monetary policy transmission can change compared to the
standard models in the literature (which are represented by the separable utility function ver-

sion of our model) once interest rate spreads evolve non-trivially over time.
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2.1.4 The Role of CBDC

There are two roles of CBDC in our model. First, it changes the demand for deposits, and the
change depends on different parameters including the elasticity of substitution between de-
posits and the CBDC (through interactions of Equations (2.1) and (2.2)).

Second, it provides liquidity to households just like deposits (see how the CBDC interest rate
affects Equation (2.9)), so it changes the incentives to supply labor and to consume through
optimal labor supply and Euler equations. In Equation (2.9), a higher opportunity cost of the
CBDC increases Q;. A higher Q; implies that the adjusted real wage in Equation (2.4) falls,
leading to lower consumption. The magnitude, not the sign, of the effect depends on both the
elasticity of substitution between deposits and the CBDC (v) and the intratemporal substitution
between consumption and the liquidity aggregator (7). Moreover, a higher Q;, everything else

equal, leads to a lower consumption through Equation (2.6) when o > 1.

2.2 Banks

Banks are short-lived; they are born at the beginning of period ¢ and die at the end of period
t + 1. They are perfectly competitive.” On the liability side, they can issue liquid deposits, Dy,
which are used in transactions by households as we explained previously while presenting the
household’s problem. They can also issue illiquid bonds, A;, which are perfectly safe and cost
less to adjust. We note that A; can be negative. On the asset side, they can buy reserves from the
central bank, My, or they can invest in real claims on physical capital, b;. The interest rate on
reserves is denoted by i ?/[ , and the interest on deposits is equal to i tD . The cost of issuing illiquid

bonds is equal to i?, which is the nominal interest rate on government bonds too.°

2.2.1 Constraints and Bank’s Maximization Problem

Banks are subject to
Dt+A[:Mt+p[bt, (210)

DtSZ(Mt'FpP[bt). (2.11)
The first constraint, Equation (2.10), is the bank’s balance sheet identity. The second constraint,

Equation (2.11), similar to that in Piazzesi et al. (2019), is a leverage constraint. We impose

that £ <1 and p < 1. The latter means that other assets have a lower quality compared with

91t’s easy to allow for market power, but we abstract from it to focus on the main contribution of the paper
regarding monetary policy transmission.
10public and private bonds are similar as there is no possibility of default on either of them.
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reserves in their use as collateral. We assume that banks do not hold equity. This is without
loss of generality because there is no risk of default in the model, so illigid bonds and equity are

essentially the same objects.

Nominal bank profit at time t + 1 is denoted by ¥ ,,; and given by

\Pl’+1 :Ptbt(1+ lﬁ-l) +Ml’(]-+ liw) - (]. + l?)Dt— (1+ li.s) Al’-

Banks maximize the expected value of discounted profits, which is for time ¢:

Pbe (1+iK )+ M, (1+iM)

R, = E N ;¥ =E{A
t t{ ft+1 t+l} t{ t,t+1 —(1+itD)Dt—(1+its)At

where Ay ;41 = BUc 141/ (T+1Uc,¢) is the nominal stochastic discount factor.

2.2.2 Bank’s Optimality Conditions

We first eliminate A from the bank’s problem and then write the Lagrangian for the maximiza-

tion problem as

P (1+iK )+ M, (1+iM)

—(1+iP)D, - (1 +7) (M + Peb,— Dy)

Et{f_\t,tﬂ }+/_1;(—Dt+€Mt+£thb,;),

where /_1[ is the Lagrangian multiplier associated with the leverage constraint, Equation (2.11).

We then manipulate the optimality conditions to obtain

_ E A S _ M E [_\ :S <K )
Et{At,Hl (if—iD)}: l‘{ t,t+1[(lt U )} _ t{ t,t+1€(;[ lt+1)} 1

Et {/_\tyt+1 (]. + lts)} =1.

Note that the terms inside the expectation above are all known at time ¢ except the interest on
the claims on capital and the discount factor A;;1, so the conditions can be written as
s Ei(A1iK)
S_:D S _ M §_ 2ty
Pl dp—i b EiAr
T :S) 'S
1+i7  0(1+i7) lp(1+1i?)

i

=1, (2.12)

In equilibrium, we must have i — i? > 0 from the money demand, Equation (2.1), so the lever-
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age constraint, Equation (2.11), is always binding, i.e., )_Lt > 0. Equation (2.12) is related to the
spread between returns on deposits, reserves, and capital. A higher ¢ implies that the assets are
better in backing liabilities, so the interest on reserves and the rate of return on capital both de-
crease. Equation (2.12) is a key equilibrium condition that affects monetary policy transmission
in a novel way through banks in our model, as it determines interest rate spreads. For exam-
ple, we emphasized earlier how the interest rate spread between the bond rate and deposit rate

affects Q;, which in turn appears in optimal labor supply and Euler equations.

Sometimes it is useful to write this equation in terms of the real return on capital, so we will use

K

K _ K
1+ (1478 )1, where rX |

t+1 —
rateat r+ 1.

is the real interest rate on capital and 7, is the inflation

2.2.3 Monetary Policy Transmission

Before presenting the rest of the model, we discuss at an abstract level how monetary policy
transmission works in this model. Monetary policy can work through the interest rate on re-

serves, the interest rate on CBDC, and the quantity of real balances of reserves and the CBDC.

To elaborate, combine the demand equations for deposits and CBDC along with bank optimal-

ity conditions to obtain

1 l'S _ lF
iS—if 1 2n (i) Lt
il S S wrp \ Dy 1+iS
.S t
1+ ——
S—— CBDC spread
CBDC spread ™ ~- g
Spread between CBDC and deposits
'S _ D S _ M 'S _ K
-y 1y _ i i —Eiipy, (2.13)
(1+i9) ¢ (1+1) ol (1+i))
— — —_—
Deposits spread Reserves spread Capital return spread

Equation (2.13) is key for understanding monetary policy transmission in this paper. Here, we
highlight how changes in monetary policy rate pass through to other interest rates in the econ-
omy. In a typical NK model, there is one interest rate that matters, the one that affects Euler
equation, and the central bank directly affects it, and the monetary policy transmits through
that to the real economy. In our model, closer to reality, there are several interest rates that
agents face and it matters which interest rate, i.e., reserves or CBDC, is set by the central bank,
because it affects the spreads differently, which eventually affects households saving decision

(through Euler Equation (2.6)) and firm’s investment decision (through Equation (2.17)).

The key is that with a non-zero spread, which is the case in our model because of liquidity pre-
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mium on deposits, interest rates on reserves, deposits and claims to capital can move in the
opposite direction relative to the illiquid bond interest rate, regardless of the presence of com-
plementarity between consumption and deposits or the presence of a CBDC. For example, we
could have a scenario that following a shock to the quantity of reserves (as in Section 4.2.2), the
interest on illiquid bonds declines but the interest rate on reserves, the interest rate on deposits,
and (after some initial periods) the interest rate on capital increase. The decrease in the interest
rate on illiquid bonds increases consumption through the Euler equation, but the increase in

returns of claims to capital pushes the capital stock downwards.

In the general case of Equation (2.13) where CBDC and deposits are not perfect substitutes (and
thus, where i? and i are different), effects of i and if' could be different because the spread

(the large term in Equation (2.13)) changes in a complicated way.

In the monetary policy framework based on interest on reserves, i, a change in the monetary

policy interest rate changes the rate on deposits through endogenous response of the banks.
The deposit rate change affects the demand side of the economy through money demand, Euler
equation, and labor supply conditions. The change in the reserves rate also changes the supply
side of the economy again through endogenous response of the banks that changes the rate of

return on capital.

In the monetary policy framework based on the interest on CBDC, i, a change in the mon-
etary policy interest rate changes the demand side of the economy through money demand,
Euler equation, and labor supply conditions. This also changes the interest on deposits be-
cause CBDC and deposits both compete as means of payments. The change in the deposit rate
then changes the rate of return on capital through endogenous response of the banks, which

affects the supply side of the economy.

2.3 Production

The production side of the economy is standard similar to NK models with financial constraints
(e.g., Gertler and Kiyotaki (2010), Gertler and Karadi (2015), and Gertler and Karadi (2011)).
There are three types of non-financial firms: (i) intermediate goods producers, (ii) capital pro-

ducers, and (iii) monopolistically competitive retailers subject to nominal price rigidity.

2.3.1 Intermediate Goods Producers

Intermediate goods producers use capital and labor according to the following production func-
tion:
Y, =F KLY,
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where [ 4, K;, and L; denote productivity, capital and labor. These producers buy new capital
from capital-producing firms at the begining of each period and then sell the depreciated capi-
tal at the end of the period. The producers do not have funds, so they issue equity (or a perfectly
state-contingent debt) to banks and pay back at the end of the period. The price of the claims
are denoted by X;, so

XK1= Xiby.

The evolution of capital stock is given by:
Kiv1 =1+ (1-06)¢, Ky,

where ¢, denotes the capital quality shock and 6 is the depreciation rate.

There are no frictions on the side of the intermediate goods producers when financed by banks.

The producer’s maximization problem is given by

max{pmF (K{ L™ = wil +& X, (1= 8K},
t

where p,,; = PP—”;’f is the real price of the intermediate good. Similarly, w, = Ig—tf is the real wage.

In a competitive market for labor, the demand for labor is given by
Yy
Wi=pmet(l—a)—. (2.14)
Ly

The profit per unit of capital is given by Z; = ap,, t%.

The maximized value is the revenue of the firm, after paying wages and selling the used capital
at the end of the period. Given the initial investment of X;_; K}, the return on investment is

given by
LirK maxy, {PththcL}_a —wLi+ X;&(1-0) Ky}
! X 1K; '

The real rate of return on capital is thus summarized as follows:

1+

k_ Zi+(1-8)¢X;
ry = )

(2.15)
Xia

This denotes the payoff of the firm at time ¢ per unit of capital divided by the price of the claims
issued to the banks.
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2.3.2 Capital Producers

We follow the model in Gertler and Karadi (2018) for this part. The capital producer turns the

final output into capital, denoted by I, subject to adjustment costs, denoted by f function:

“f(fﬁl)]”}’

where Ay = ,Bi % denotes the stochastic discount factor. Profit maximization implies that

w .
maxE; ) Asr {X;I, -

I =t

the price of capital goods in terms of the final good must be equal to the marginal cost of in-

vestment goods production and is given by the following:

I I I I\ (1
Xt:1+f( t)+ tf/( z)_EtA”H(m) f,(m),
Ii—1) I \ I ' I; I;

The profits, which could be non-zero only out of the steady state, are assumed to be distributed
between households.

2.3.3 Retailers

Consumption good is the CES composite of a continuum of intermediate goods with a elasticity

1 ="
C,= (f Ct(i)l'Edi) .
0

Firm i € [0,1] produces output from the intermediate good using a linear technology y;(i) =

of substitution €. That is,

h¢(i). Firm i sets prices P;(i) for its good facing demand y;(i) = y; (P;(i)/P;)¢. The profit at
period 7 is thus given by P; (i) h; (i) / Py —d (P (i)/ Pr_1(i)) — Py By (i) where d(.) denotes nominal

price adjustment cost.

The firm chooses P;(i) and h,(i) to maximize expected discounted profits. We substitute out

¥:(i) to write the maximization problem as

& P. (i) P, (i) —€ P, (i) P.(i) —€
maXEZ;A”( P, yt( P, ) _d(Pr_l(i))_’”’”Ty’( P, ) )

The optimality condition is

P(i) ](Pt(i))_e P (i) ,( P(D) )
+€Pmr Ve — —d ;
P, P, P 1(7) Py (i)
Pt+1(i))]
- =0
P(7)

[(1—6)

Pt+1(i) /(
—A d
Pt(l) tt+1

+E;
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Assuming d(x) = %(x —1)2, we have d'(x) = x(x - 1). Imposing symmetry across firms’ price

responses (i.e., P; = P¢(i) ), we obtain

e—1 €Y, P P P P
——me]—H ! ( ! —1):Et [At,mﬂ( ”1—1)]. (2.16)
€ K P\ P Py \ Py

Equation (2.16) is a standard Philips curve.

We assume zero capital adjustment costs for the benchmark model (not for calibration), which
implies X; = 1. We also assume no capital quality shock throughout the paper, thatis, ¢, = 1 for

all ¢, such that Equation (2.15) gives

Y,
1+rf:apmtft+l—6, (2.17)
t

rKis K;
a Yt :

or equivalently, p,; =

2.4 Market Clearing Conditions

The market clearing condition for the final good is given by

I[ K Pt 2
— || I;+ = -1] . (2.18)
I 2\ P

Yt:C[+(1+f

Labor supply and demand, Equations (2.4) and (2.14), together imply

-1 1 ) Yl’
Q, "C/yL; = pmt(l—a)L—-
¢

where we used the labor market clearing condition, H; = L;.

2.5 Monetary and Fiscal Policy

Here, we describe the government’s and the central bank’s budget constraints as well as the

equilibrium condition for the illiquid bond issued by the government and banks.

The government’s budget constraint is given by
Ti+SS+ TR, =(1+i7 )SY |,

where TR; denotes the nominal transfer from the central bank to the treasury, 7; denotes the

net lump sum tax levied on households, and StG denotes the supply of safe illiquid bonds by the
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government. The central bank’s budget constraint is given by
_ - M
F[ + M[ = TR[ + (1 + lt_l)F[_l + (1 + lt_l)M[_l.

The illiquid bonds are demanded by households and supplied by banks and the government.

The market clearing condition for these bonds is thus given by

S?"l‘At: St.

We don’t impose any constraint on, Ty, TR;, and S?, so the equations in this subsection can
be solved in a separate block from the rest of equations of the model.!! Thatis, T;, TR;, and
S? are adjusted as needed by these three equations after the determination of equilibrium vari-
ables including S; and A;. We abstract from matters related to fiscal policy and the relationship

between monetary and fiscal authority.

2.6 Steady-State Analysis

In this subsection, we characterize the (non-stochastic) steady-state equilibrium with a zero
inflation rate. In the next section, we analyze the effects of various shocks to this economy

starting from the zero-inflation rate steady state.

We assume that the central bank sets the interest rates on the CBDC and reserves, i™ and i’.
We drop the subscript ¢ to show the steady-state levels. An alternative policy could be that the
central bank sets the real quantity of reserves, for example. We set the aggregate price level to
1. Note that the nominal and real interest rates are equal because the inflation rate is zero, i.e.,
i = rKand iP = rP. In Appendix A.2, we derive the steady-state equilibrium, summarized in

the lemma below.
Lemma 1 Output in the steady state is given by this closed form solution:

a(l+g) 1+¢ ZUTe)
a o (1-a)ATa (52) T

yots = . 2.19)
a(11_+0§p)

=
+
[o7)

1
_n - S o
yQ' 7 (1- 285 (i

This equation gives Y as a function of Q and iK. Given Y, one can solve for L, C and b.

First, consider the case of the separable utility function, n = o. Output is only a function of i K

1See Bhattarai et al. (2022) for a discussion of constraints in transfers between the monetary and fiscal author-
ities. As they show formally in a model, such constraints lead to a role for quantitative easing.
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which is pinned down by i, given that the bank’s leverage constraint is binding. In this case,
the interest rate on the CBDC changes only the velocity of money but does not affect output,
consumption or investment. The intuition is simple. With a separable utility function, there
is no complementarity between money balances and consumption, so the typical channel that
exists in cash-in-advance constraint models or NM models would be absent. In this case, an
additional unit of money does not help in terms of actual consumption, so the only channel for
transmission of monetary policy is through the change in the opportunity cost of lending for
banks. As the central bank increases i, the opportunity cost of lending rises, so banks tend to

hold more reserves and lend less.

Lemma 2 below states conditions under which investment, capital, output and consumption

decrease.
Lemma2 Assumen=o. Then,

(i) Real variables depend on policy only through iX. So, if iM is kept fixed, a change in elasticities,

w’s, or the CBDC rate does not change real variables.

(ii) An increase in i™ decreases investment, capital , and output; also consumption decreases if &

is sufficiently close to zero.

We provide intuition why the comparative statics with respect to consumption in Lemma 2

K must increase too (from bank’s

is not straightforward and depends on §. As i increases, i
optimality conditions), so capital becomes more costly. Consequently, the aggregate supply
decreases (i.e., Y falls). However, there is a second channel. Since investment in the steady state
is a fraction of aggregate capital that needs to be replaced (proportional to the depreciation
rate), a decrease in capital decreases demand for investment (i.e., lower I). Since output and
investment both decrease, consumption, which is simply the difference between the two, could
increase or decrease. If depreciation is small, it means that in the steady state there is less need
to replace capital, so investment is small. Therefore, the effect of iX on output is dominant
relative to the effect on investment. That is, with a small depreciation rate an increase in iX

decreases output and consequently consumption.

Next, consider the case of a non-separable utility function. For concreteness, assume consump-
tion and money balances are complements. In this case, Y is not only a function of iX (which

M as mentioned above) but is also a function of

is a function of the interest rate on reserves, i
Q, which in turn is a function of the CBDC interest rate. As the interest rate on the CBDC rises,
the opportunity cost of holding CBDC balances falls, so the “inflation” tax imposed on con-

sumption declines and consumption increases. Moreover, leisure becomes less valuable, so the
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supply of labor increases and more output is produced. This result is summarized in Lemma 3

below. We also cover some other special cases in Appendix A.!?

F

Lemma 3 Assumen < o. Then, an increase in i'" increases output, capital and investment; also

consumption increases.

Using a Lagos-Wright framework, Chiu and Davoodalhosseini (2023) also find that a higher in-
terest rate of a (cash-like) CBDC can improve intermediation, because it increases aggregate
demand, leading firms to demand more loans to finance production. A higher CBDC interest
rate also makes payments less costly, stimulating consumption. As a result, intermediation,
consumption, and output all increase in their model. The mechanism is similar in our model.
Our result, however, is more general in that we allow for a rich set of CBDC design features (dif-
ferent degrees of elasticity of substitution). Moreover, we have capital accumulation. Finally,
we study the effects of shocks thanks to our framework while they only study the steady state of

the model. This is the topic of the next section.

3 Responses to Shocks

In this section and the next, we study the effects of various shocks to this economy by log-
linearizing the model around the steady state we characterized in the previous section. We col-
lect all the equilibrium conditions in a model without a CBDC in Appendix A.2, for comparison,
as well as equilibrium conditions of the main model with a CBDC in Appendix A.3. We do not
repeat all of the equilibrium conditions here except for a few of them that provide insights new
to the literature. In terms of notation, the log-linearized version of a variable X; is denoted by
X;. Moreover, X; = X; — p; for x € {d, f, m} denotes the real balances for deposits, the CBDC, and
reserves. Parameters arp, D Um, A, Ay, and app are all constant and defined in Appendix

A.3. Finally, we define @7, = Ap,.

2There is an indirect effect of the CBDC interest rate that operates out of the steady state. An increase in the
CBDC interest rate puts pressure on banks to increase the interest on deposits to the extent that CBDC and bank
deposits are substitutes. This increases the cost of funding for banks, pushing up the cost of loans for firms. There-
fore, the supply side of the economy is negatively affected. This channel does not operate in the steady state
because the nominal interest rate is fixed, so the interest rates on deposits and loans are solely determined by the
interest on reserves (as long as the leverage constraint is binding) and there is no transmission from the funding to
lending sides of the banks. We discuss the effects of CBDC for dynamic responses to shocks in detail in Sections 3
and 4.
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3.1 Solving the Model Out of the Steady State

The 18 endogenous variables are as follows: (i) Output, consumption and labor: y;,¢;, Tt; (ii)
Output price inflation, real intermediate price, real wage, and the price index for the bundle of
consumption and liquidity: ¢, p:, W;, gy; (iii) Real balances: d}, fht,ft; (iv) Capital and invest-
ment: k; and 7,; (v) Real bank loans: b,; and finally (vi) Interest rates: i5,rX,iP, i, iM. There
are 15 equations describing the equilibrium optimality and market clearing conditions of the
model. See the log-linearized equilibrium conditions in Equation (5.20) to Equation (5.34) in
Appendix A. Given that there are 18 unknowns and 15 equations, 3 policy equations are needed
to fully close the model. These policy rules should describe the policy variables regarding the
interest rate or quantity of various types of liabilities issued by the central bank. The choice of
these three variables is at the central bank’s discretion, which is described below for different

exercises.

In the next section, we focus on reporting the impulse responses to shocks, comparing different

model variants as well as policy rules.

3.1.1 Traditional Monetary Policy Rule without a CBDC in the Model

In this benchmark exercise, we assume that a CBDC does not exist in the model. Given that
two unknowns (rate and quantity of CBDC) and one equilibrium condition (CBDC demand) is
removed, the central bank needs to set only 2 policy rules. We set a rule for interest on reserves

and fix the (real) quantity of reserves:

o~
~
|

i = Moy AP+ @) P+ ul, 3.1)

m; = u™ (3.2)

The terms uéw and u}" in Equation (3.1) and (3.2) are shocks to the reserves interest rate and

reserves quantity, respectively.

3.1.2 Introducing a CBDC into the Model
The next few exercises all include a CBDC in the model.
Exercise Al: Traditional Monetary Policy Rule. In the model with a CBDC, we need to set 3

policy rules. We set a Taylor rule for reserves interest rate and fix the quantity of reserves and

CBDC. Therefore, we use the same equations as in the benchmark exercise, Equation (3.1) and
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Equation (3.2), as well as the following quantity rule for CBDC:

o=l (3.3)

where the term u{ denotes the shock to the CBDC quantity.

Exercise A2: CBDC Rule Instead of Reserves Rule. Monetary policy in the economy above
works through the interest rate on reserves. In principle, we can investigate many other rules
that the central bank can follow, like rules on the quantity of CBDC or reserves. In particular,
we want to compare the implications of the benchmark economy with an economy in which

CBDC is the main tool for MP. Therefore, we replace Equation (3.1) with
iy ="+ QLAp + Ph i+ up. (3.4)
The other two equations are the same as those in Al, i.e., Equation (3.2) and (3.3).

Exercise A3: Fixed-Interest CBDC. Many central banks consider only a zero-interest rate CDBC
and do not plan to use the interest rate of a CBDC as an active monetary policy tool. Here, we
use the same monetary policy rule as in Al, i.e., Equation (3.1), where we assume that the inter-

estrate on the CBDC is zero in the steady state but changes according to an exogenous process:
if =ul, (3.5)

where u! is the shock to the interest rate on the CBDC. We now only need one equation to close

the model. We use the same reserves quantity rule as in A1, Equation (3.2).

3.2 Analytical Results

The model is fairly complicated and it is hard to derive analytical results in the general case. In
this section, we, therefore, focus on some special cases to obtain some analytical results about
the responses of the model to interest rate and quantity shocks, and to clarify the main mech-
anisms at work in our model. In the first part, we focus on the case of no CBDC; in the second

part, we focus on the case with CBDC.

3.2.1 Analytical Results with no CBDC

Let’s focus on the case without a CBDC. We make these simplifying assumptions in this section:

we assume that prices are completely sticky, 7; = 0, and the depreciation is full, thatis, § = 1,
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which implies that

ki1 ="b=i;.

In the Appendix, we collect a summary of the log-linearized version of equilibrium conditions
with six unknowns: if, i tD , Ct, /l'\t, g i fVI . For simplicity, we consider a modified Taylor rule which

is a function of consumption instead of output:

i =M+ o)e +uy. (3.6)

We continue by considering two shocks: an unexpected one-time shock to quantity of reserves

and an unexpected one-time shock to interest rate on reserves.
Quantity of reserves shock

Now we assume an unexpected one time shock hits the quantity of reserves:
m;=Aand m; =0 for s > t.

Since this is an unexpected shock and dies in just one period, we can set all expected values to
zero, in which case we can solve for i, ¢, i, Gy, i?,i. In a special case with o = 1, we obtain

the following result.

Proposition 1 With full depreciation, full price stickiness, and no complimentarity between money

and consumption, we have the following responses to a one-time shock to the quantity of reserves:

i. Investment falls iff monetary policy responds sufficiently aggressively to consumption ac-

cording to the condition below:

1 - P 02}
P> — o L <o. (3.7)
Y npp  0A

ii. Under the same condition, consumption rises:

1-p 0¢
M
—_— -~ 0, 3.8

and the interest rate responses are given by:

1-p oM o8P oi
= 0, >0, — <0. (3.9)
oBp oA

M
¢y > an ~ oA
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This condition, (,by > tl;Tf)’ deserves careful examination. It states that, for a given positive (,bi‘,/f ,a
negative quantity shock to reserves will lead to an increase in capital investment in the economy
if and only if p is sufficiently close to 1. What is the economic intuition for this result? When p is
close to 1, claims to capital are treated as near-perfect substitutes for reserves. In the event of a
negative shock to the quantity of reserves, a bank can issue claims to capital in amounts nearly
equivalent to the reduction in reserves, thereby satisfying its leverage constraint without signif-
icantly curtailing deposit issuance. Consequently, investment in the economy must increase to

offset the decline in reserves on the bank’s balance sheet.

In contrast, when p is close to 0, claims to capital are poor substitutes for reserves in meeting
the leverage constraint. In this scenario, a bank cannot rely on capital issuance to compensate
for the reduction in reserves. As a result, the leverage constraint tightens more substantially,
leading to a contraction in deposit issuance. This mechanism operates analogously to a stan-
dard negative money quantity shock, exerting contractionary effects on the demand side of the

economy and ultimately reducing aggregate capital investment.
Interest rate on reserves shock

Now we assume that an unexpected one-time shock hits the interest on reserves at time ¢
uM = Aand uM =0fors> ¢,

and also we assume 1; = 0. Again, the economy is at the steady-state equilibrium and this is
an unexpected shock, so we can set all expected values to zero. We can again obtain a linear
system AX = B+ AC, where X = [Et /i\t i?], for some A, B, and C matrices that are functions
of the model parameters and defined in the Appendix. Again, we continue to focus on the no-

complementarity case, 1 = o, for simplicity. Then we have the following proposition.

Proposition 2 With full depreciation, full price stickiness, and no complimentarity between money
and consumption, and assuming that det(A) < 0 (defined in the proof), we have the following in

response to a one-time shock to interest rate of reserves:

p op pa+1 a_?t
(1—p0)(5—iP) (-0 U-a)l oA

<0. (3.10)

This result establishes sufficient conditions under which investment declines in response to a

one-time increase in the reserves interest rate.
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3.2.2 Shock to the CBDC Interest Rate When CBDC and Deposits Are Perfect Substitutes

We now consder the model with CBDC. We are interested in a case where CBDC and deposits
are perfect substitutes, but where they are both used in equilibrium. In particular, we assume
that v =v =00, wrp = wp. That is, CBDC can be used in exactly the same set of transactions as
deposits with the same importance. In this case, the deposit and the CBDC interest rates must
be the same. We will assess the effects of an exogenous shock to the CBDC interest rate. This
type of CBDC is similar to a deposit-like CBDC which has been discussed in the literature, such
as in Chiu and Davoodalhosseini (2023) or Keister and Sanches (2023).

Again, as in Section 3.2.1, we assume that prices are completely sticky, the depreciation is full,
and the Taylor rule is given by Equation (3.6). After collecting the log-linearized conditions and

some algebra, we have the following proposition, with the prooflaid out in Appendix C:

Proposition 3 Assume CBDC and deposits are perfect substitutes. With full depreciation and full

price stickiness, we have the following in response to a one-time shock to the CBDC interest rate:
i. Consumption increases.

ii. Investment falls (i.e., disinvestment) iff monetary policy responds sufficiently aggressively

to consumption:

1- P 0?;
oM > & — <0. (3.11)
" opp+ i (o-n)  9A
iii. There is a range for (/)ﬁ‘f ,i.e.,
1-p 1-p

M
¢y €

opp+3:52%5 (0-n) obp )’

over which there is disintermediation with complementarity between money and consump-

tion but no disintermediation with neutral money.

This proposition has important messages. First, consumption increases in response to a CBDC
interest rate shock with or without complementarity. Second, investment decreases when mon-
etary policy is sufficiently aggressive. With such a monetary policy, interest rate on reserves
increases enough to make reserves attractive relative to real investment in the economy. In-
vestment in reserves crowds out real investment, the same message we saw in the previous sec-
tion. Third, complementarity affects results now. If monetary policy response is modest, then
there is disinvestment with complementarity, but no disinvestment with no complementarity.

In other words, complementarity qualitatively changes the predictions of the model. Fourth,
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the responses depend on the aggressiveness of monetary policy.
In what follows, we focus on the case without complementarity to provide sharp insights about

the results in this proposition.

Special case: 0 =1 It turns out that all we need to know to determine the response of con-

sumption are the following three equations with 3 unknowns ¢, iy, i M.

R iM—en
Cr=—0\f—F—p+h-1), (8.12)
1-p0)iM-¢(1-p)A K +1.
(1-pO)ip'—¢(1-p)A r N (3.13)
1-0)(1+7K) 1+rK l-a

Interestingly, the response of consumption is independent of the response of investment.

o rM /A
Cr = -p +(1-8)+p—|. (3.15)

This equation is key to understanding the mechanism behind the results in Proposition 3. As
if increases, banks should increase the interest rate on deposits, i? , to keep (some of) their
deposits. As interest in deposits increases, ifyf and if change. Since iM is determined by the

Taylor rule, we should know how consumption responds.

By way of contradiction, assume that consumption decreases, in which case the central bank
responds by decreasing the interest rate on reserves, i.e., i falls. From banks’ optimality con-
dition, an increase in interest on deposits, i P , and a decrease in interest on reserves, i l{V’ , imply
that the interest rate on illiquid bonds, i?, should decrease; otherwise, the marginal cost of
holding reserves would be higher than the marginal benefit of issuing deposits, which cannot
be true in equilibrium. (That s, ¢ (i} — i?) = (i® — i™) cannot hold given that ¢ < 1). Given that

i f falls, consumption should rise from the Euler equation, which is a contradiction.

In words, as the interest rate on CBDC increases, the banks respond endogenously and increase
the interest rate on deposits. As long as banks hold reserves on their balance sheet, the marginal
cost of holding reserves should be equal to the marginal benefit of issuing deposits. This fact
implies that the interest rate on illiquid bonds should fall, which leads to an increase in con-

sumption from a standard inter-temporal decision of households.
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Note that this mechanism, that consumption increases with the interest rate on the CBDC rate,
follows from combination of three equations: (i) Euler equation, (ii) banks’ optimality condi-
tion on the demand side , i.e., £(i? —iP) = (i - iM), and (iii) a Taylor rule which responds to
consumption. Some points immediately follow. First, this mechanism is independent of the
supply side of the economy. It does not matter how much the rate of return on capital changes.
It only depends on the endogenous decision of banks in setting the deposits interest rate and
the leverage constraint that they face. Second, the financial friction here is key. Because of fi-
nancial friction, the interest on illiquid bond has to adjust such that banks have an incentive to

issue deposits and hold reserves.

Third, this mechanism is independent of the complementarity channel. When consumption
and liquidity are complements, consumption increases additionally because the opportunity
cost of liquidity goes down, so the agents would like to increase consumption which is comple-
ment to liquidity. Fourth, if the Taylor rule responds to output, which includes investment in
addition to capital, then the above argument needs to be modified. If the investment response
is negative, the above argument continues to hold, and consumption continues to increase.
However, if the response of investment is sufficiently positive and the weight of investment in
output is high enough, then output may increase instead (even if consumption decreases). In
this case, the central bank might actually want to increase the interest rate on reserves to stabi-
lize output. In this case, an increase in i P and i ?/1 together could lead to an increase or decrease

ini f , which is consistent with a decrease or increase in consumption.
The following corollary summarizes our results in the special case of no complementarity.

Corollary 1 (Special case of Proposition 3) Assume CBDC and deposits are perfect substitutes.
With full depreciation, full price stickiness, and no complimentarity between money and con-
sumption, consumption is increasing in the interest rate on CBDC, but investment is decreasing

iff monetary policy responds aggressively to consumption.

6’\ —
g _ —L >0, (3.16)
B 1+ ey
1-p 01
M
>—— & —<0. 3.17
Py opp “on S G.17)
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4 Quantitative Exercise

In this section, we first parameterize the model and then study the impulse responses of the

model to different shocks. In particular, we consider shocks to the interest rate on reserves, the

quantity of reserves and the interest rate on CBDC.

4.1 Model Parameterization

The model parameterization is given in Table 1.

Table 1: Parameterization of the model

Parameter  Value Notes Source and Target
Households
B 1/1.01  Utility discount factor 4% Aunnual Discount Rate
o 0.9 Inverse of relative risk aversion Closeto 1
0] 1 Frisch elasticity of labor supply Piazzesi et al. (2019).
1/ 1 Disutility of labor Convention
n 0.6 Substitution elasticity: consumption and deposit  0.22 in Piazzesi et al. (2019).
v 0.8 Substitution elasticity: deposit and CBDC New parameter
wp 0.5 Utility weight of deposit 0.14 in Piazzesi et al. (2019).
WFD 0.5 Utility weight of deposit - CBDC New parameter
Banks
14 1/1.1 Financial constraint 10% reserve requirement ratio
o 0.8 Leverage parameter 80% leverage for non-cash asset
Production
a 0.35 Technology: capital share 35% Capital usage
) 0.025/4 Capital depreciation rate 2.5% Annual capital discount factor
KT 3 Investment adjustment cost parameter Justiniano et al. (2011)
€ 6 Intermediate good demand elasticity 0.83 Price mark-up
Kp 75 Price adjustment cost parameter NK model convention
A 1 Steady-state TFP Normalization
Monetary Policy
O Taylor rule, response to inflation NK model convention
by Taylor rule, response to output NK model convention
Hinv 0.9 Persistence: Reserves interest rate NK model convention
Wip 0.9 Persistence: CBDC interest rate Match traditional monetary shocks
g 0.9 Persistence: Reserve supply NK model convention
Up 0.9 Persistence: CBDC supply Match traditional quantity shocks

For most parameters, we use the estimates in the literature. For the zero inflation steady state,

we have to set the following parameters. We set the real rate to be around 4%, so the nominal

30



rate should be 4% as well given the zero inflation rate. The nominal rate on reserves is set to
ipm = 3%. We also set the interest rate on the CBDC to ir = 0 for the steady state. The values for
elasticity of substitution between consumption and means of paymentsis setas o = 0.9, and the
intertemporal elasticity of substitution between the consumption bundle today and tomorrow

is set as = 0.6, both following Piazzesi et al. (2019).

For the substitution between CBDC and deposits, of course, we don’t have data. We set it to
v = 0.8 or 5 to capture either the case where the CBDC and deposits are complements or where
they are substitutes. The model is flexible enough and allows experimentation with different
values of design parameters. For example, o and v need not be the same. The values for the rest

of the parameters are standard in the literature.

4.2 Results in a Model without a CBDC

In this part, we first consider a version of the model without a CBDC and study the reserves
interest rate shock and the reserves quantity shock. The policy regime is thus as outlined in
Section 3.1.1. The impulse response functions (IRFs) of the endogenous variables to these two
shocks are shown in Figure 1 and Figure 2 respectively. In most cases, the directions of re-
sponses are as expected. With a positive shock to interest on reserves, output, consumption,

and inflation all decrease. With a positive shock to quantity of reserves, all of them increase.

4.2.1 Shock to Interest Rate on Reserves

We start by discussing the results for a shock to the interest rate on reserves, as shown in Figure
1. Since the banks are the only agents in this economy holding reserves, a change in the reserves
rate affects only banks and the rest of the effects follow from banks’ responses. According to the
banks’ optimality condition, Equation (2.13), in response to the increase of the reserves interest
rate, there is (i) upward pressure on the interest rate of the bond, (ii) downward pressure on the
interest rate spread between the bond and the deposit, and (iii) upward pressure on the real

1.13

return on capital.”” These three channels interplay, illustrating the mechanisms through which

a monetary policy shock influences economic variables.

First, as the nominal bond interest rate i tS increases, the traditional NK channel through sticky
prices is triggered. An increase in i f leads to adjustments in the current real interest rates in the

Euler equation, resulting in reduced current consumption (C;). This decrease in consumption

13In our discussion here when we say that there is an upward (downward) pressure on a certain variable, we
mean that an increase (decrease) in that variable is consistent with equilibrium conditions. For some variables, a
change in another direction could also be consistent with equilibrium conditions from a theoretical perspective
under a counterfactual calibration.
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dampens aggregate demand and hence aggregate output (Y;), subsequently reducing inflation
(m+) through the NK Phillips curve.

Second, the supply channel plays a role whereby the higher marginal cost of capital in the fol-
lowing period (¢ + 1) discourages investment, leading to a decline in current output (Y;). This
explains the overall decline in investment along the transition path. There is also a sharp in-
crease in the real rate of capital from the first to second period after the shock. This increase is
due to the fact that the capital stock (K;) is predetermined, with lower output (Y;) resulting in
a decrease in the profit per unit of capital and subsequently real rate of return on capital in the
current period ¢ (see Equation (2.15)) but an increase in the subsequent period ¢+ 1 due to the

decrease in current investment.
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Figure 1: Results without a CBDC: Reserve Interest Rate Shock

Notes: This figure plots the impulse responses to a 1 percent shock to the interest on reserves in a model without CBDC. It compares a model
where deposits and consumption are complements with a model where deposits and consumption are separable in utility. See Table 1 for
the assigned model parameter values.

Lastly, the NM channel comes into play, wherein the spread between the short-term nominal
interest rate (i ts) and the deposit rate ( itD ) affects the cost of liquidity. A narrower spread lowers
the cost of liquidity, encouraging higher deposit demand and thus stimulating consumption.
This increase in consumption subsequently boosts labor supply and output levels, counteract-
ing the initial dampening effect of the monetary policy shock.
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Figure 1 compares a scenario when money is a complement to consumption (o > n) with one
when money is neutral (o = 1), which indicates that the NM channel is shut down. This com-
parison elucidates the contribution of the NM channel to overall macroeconomic dynamics.
The response of output and consumption will slightly increase when the NM channel is shut
down, although the effect is quantitatively very small in general equilibrium, except for invest-

ment, which falls by less.

4.2.2 Shock to Quantity of Reserves

We now discuss the results for a shock to the quantity of reserves, as shown in Figure 2.
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Figure 2: Results without a CBDC: Reserve Quantity Shock

Notes: This figure plots the impulse responses to a 1 percent shock to the quantity of reserves in a model without CBDC. It compares a model
where deposits and consumption are complements with a model where deposits and consumption are separable in utility. See Table 1 for
the assigned model parameter values.

Compared with a reserve interest rate shock, a reserve quantity shock triggers a different series
of adjustments. One key difference is that an increase in reserves supply relaxes the leverage
constraint, leading to an expansion of deposits and a reduction in capital accumulation. The
reserves expansion leads to several consequential effects even without complementarity be-
tween liquidity and consumption (in red). Firstly, reserves expansion reduces the bond-deposit
spread, as depicted by the deposit demand equation. This reduction is consistent with lower

bond returns, thus stimulating higher consumption, as indicated by the Euler equation. This
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result is consistent with Proposition 1 for the special case. An increase in deposit rate together
with Taylor rule leads to a decrease in the illiquid bond interest rate and increase in consump-
tion. The complementarity between reserves and consumption (in blue) further amplifies this

effect, resulting in a larger increase in consumption levels.

Moreover, conventional wisdom might suggest that the reserves interest rate should fall follow-
ing an increase in the quantity of reserves. However, in this model, the expansion of reserves
leads to an expansion of deposits, which requires the opportunity cost of deposits to fall. Banks’
optimality conditions Equation (2.12) then imply that the opportunity cost of holding reserves
should fall as well. With a lower opportunity cost of holding deposits, consumption and la-
bor supply both increase significantly because of complementarity between consumption and
money balances. Given that consumption increases significantly but output does not increase
as much, investment should fall. Changes in the investment are supported by a higher rate of

return on capital for some periods.

4.3 Comparison of Two Models: No CBDC vs. Zero-Interest CBDC

In this section, we compare the effects of shocks with or without a fixed-interest-rate CBDC,
and the interest rate is assumed to be zero unless otherwise noted (such as in Section 4.4). A
fixed-interest-rate CBDC represents one of the simplest methods of introducing CBDC and is
advocated by many policymakers. The shocks we consider here are a standard monetary policy
shock ( uim) as well as a reserves quantity shock (u*). We find that the model with CBDC leads
to larger output and inflation effects for both types of monetary policy shocks. These results
hold for a CBDC that has a low elasticity of substitution with deposits in our model. When
CBDC is a perfect substitute (or a high enough substitute) for deposits, we find that the model

dynamics are similar to the case without a CBDC in the model.

4.3.1 Shock to Interest Rate on Reserves

The IRFs of a reserves interest rate shock are reported in Figure 3, where we show results for vari-
ous values of the elasticity of substitution between deposits and CBDC (v). Comparing the IRFs
of the model incorporating CBDC, as here, with the baseline model lacking CBDC (both fea-
turing complementarity between consumption and liquidity), as illustrated in Figure 1, reveals
that the introduction of a CBDC amplifies the impact of a contractionary traditional monetary
policy shock. This amplification arises when CBDC has a low elasticity of substitution with de-
posits (v=0.8, shown in red). When the CBDC is highly substitutable with deposits (v=5, shown

in yellow), the model dynamics are similar to the case without a CBDC (shown in blue).
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Figure 3: No CBDC vs. Zero-Interest CBDC: Reserves Interest Rate Shock

Notes: This figure plots the impulse responses to a 1 percent shock to the interest on reserves in a model where deposits and consumption
are complements. It compares the benchmark model without a CBDC against a model with a zero-interest CBDC. In the zero-interest
CBDC case, we consider two alternative values for the substitution elasticity parameter between deposits and CBDC, v, specifically v = 0.8
(red), and v =5 (yellow). See Table 1 for the complete list of parameter values.

To better understand why the effects of a traditional monetary policy shock are amplified, we
combine the log-linearized version of the demand functions for the CBDC and the deposit,
Equations (2.1) and (2.2) with their log-linearized versions shown in Equations (5.21) and (5.22),
along with the definition of Q, Equation (2.5), to obtain

;S _ ;D 'S _:F
4, = S - 2 S
where app and f, are parameters and , depends on the steady-state fraction of the deposit

in the composition of Q. See derivation in Appendix A.4.

Equation (4.1) is essential to the analysis of an increase in the reserve interest rate shock. In the
baseline model in the absence of a CBDC, , = 1 and, hence, the equation will only depend on
the spread between i and i”. When the reserves interest rate increases, again using the bank
optimality condition Equation (2.12), the bond interest rate tends to increase and the spread

between i¥ and i? tends to decrease. In the absence of a CBDC, the decrease in i — i”

suggests
that Q will decrease. This is the NM channel discussed earlier that can reduce the decrease in

total output.
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However, with a zero-interest-rate CBDC, i f is zero and, hence, i — i¥ will increase. Given that
Bp always lies between 0 and 1, the introduction of a CBDC diminishes the impact stemming
from the decrease in the spread between i® and i”. In fact, in equilibrium, the spread increases
in the model with CBDC. Consequently, the NM channel is attenuated. Since the NM channel

serves to mitigate the decline in output, its attenuation amplifies the decrease in output.

4.3.2 Shock to Quantity of Reserves

The IRFs of a reserves quantity shock are reported in Figure 4 with and without a CBDC (again
both featuring complementarity between consumption and liquidity). Note that the latter was
already reported in Figure 2. Comparing the effects of the quantity shock across the two scenar-
ios, with and without a CBDC, reveals that the response of consumption, output, and inflation
is stronger in the case with a CBDC that has a low elasticity of substitution with bank deposits
(v=0.8, shown in red) . When CBDC and bank deposits are highly substitutable (v=5, shown in

yellow), the model dynamics are similar to the case without CBDC (shown in blue).
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Figure 4: No CBDC vs. a Zero-Interest CBDC: Reserves Quantity Shock

Notes: This figure plots the impulse responses to a 1 percent shock to the quantity of reserves in a model where deposits and consumption
are complements. It compares the benchmark model without a CBDC against a model with a zero-interest CBDC. In the zero-interest
CBDC case, we consider two alternative values for the substitution elasticity parameter between deposits and CBDC, v, specifically v = 0.8
(red), and v =5 (yellow). See Table 1 for the complete list of parameter values.

Here we explain the stronger effects on output, consumption, investment, and inflation in the
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presence of a CBDC that is an imperfect substitute with deposits. In response to an increase in
the quantity of reserves, the spread on reserves must decrease to encourage banks to hold re-
serves. Lower spread on reserves, and subsequently on deposits, leads to a higher demand for
liquidity. Banks respond by offering a higher interest rate on deposits and thus issue more de-
posits, but the quantity of CBDC demanded declines as the CBDC interest rate cannot respond.
The decline in the demand of CBDC is more pronounced when CBDC is a better substitute for
deposits. In contrast, when CBDC is a better complement for deposits, it means that CBDC
still provides some unique features that households prefer, so the demand for CBDC does not
decline as much (compare the yellow and red lines in the CBDC panel in Figure 4). Overall,
cheaper deposits lead to a lower price of the bundle of consumption and liquidity (Q), which
is more beneficial to consumption when deposits and CBDC are complements because now

deposits can take a higher weight in the liquidity bundle.

In the extreme case when CBDC and deposits are perfect substitutes, cheaper deposits do not
lead to any amplification because it is as if the CBDC does not exist; so it cannot lead to any
change in the composition of liquidity (i.e, f, is already close to 1). This explains why the con-
sumption response is stronger in the case of an imperfect substitute CBDC. For the same rea-
son, cheaper deposits lead to a higher labor supply (from Equation (2.4)) and potentially higher
output (if the capital decline is not too strong). Given that the deposit response is also stronger
in the case of an imperfect substitute CBDC and given that quantity of reserves follows an ex-
ogenous path, it follows from the leverage constraint that claims to capital and subsequently
investment should respond stronger in the case of an imperfect substitute CBDC. The stronger

inflation response is explained by the short-term pressure on output, given sticky prices.

4.4 Comparison of Monetary Policy Frameworks: CBDC vs. Reserves

Here, we compare the dynamics of two different policy scenarios. In the first case (Exercise
A2), the central bank uses the interest rate on CBDC as the main monetary policy tool, and
the quantities of the reserves and CBDC are fixed. In the second case (Exercise A3), the central
bank uses the reserves interest rate as the main policy tool, but the interest rate of CBDC follows
a simple pre-determined AR(1) process. See Equation (3.5). We compare these two cases in
terms of the response to a positive CBDC interest rate shock. The results are reported in Figure

5 which shows that different policy rules can produce in some cases opposite responses.

The main point in this exercise is that the monetary policy tool that is used in response to a
CBDC interest rate shock matters significantly. If reserves are used as the main monetary policy

tool (shown in red), the CBDC interest rate shock is expansionary. CBDC interest rate payments
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reduce the opportunity cost of money for households, encouraging higher labor supply and
more consumption, the main mechanism that exists in NM models. The NM channel plays
an important role in this case, wherein the cost dynamics of money influence economic be-
havior, ultimately shaping overall economic outcomes. Also, it is interesting to note here that,
although output and consumption both expand, investment and consequently capital reduce
significantly. Intuitively, CBDC offers an interesting investment opportunity, but this crowds

out real investment in this economy.
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Figure 5: Monetary Policy Tool, CBDC vs. Reserves: CBDC Interest Rate Shock

Notes: This figure plots the impulse responses to a 1 percent shock to the interest on CBDC. It compares a model in which the the interest
rate on CBDC is the main monetary policy tool (blue) against a model in which the the interest rate on reserves is the main monetary policy
tool (red). See Table 1 for the assigned model parameter values.

When CBDC is utilized as the main tool of monetary policy (shown in blue), an increase in the
CBDC interest rate is contractionary, akin to that observed with traditional increase in interest
rate on reserves in most NK models. To make that transparent, we plot in Figure 6, the responses
to a CBDC interest rate shock when CBDC is the monetary policy tool (shown earlier in Figure 5
above) together with the responses to a reserve interest rate shock when reserves are the mon-
etary policy tool (shown earlier in Figure 3). As is clear, the transmission mechanisms are the

same.
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Figure 6: Interest Rate Shock: CBDC vs. Reserves

Notes: This figure plots the impulse responses to a 1 percent shock to the interest on CBDC in a model where the interest rate on CBDC is
the main monetary policy tool (blue) and to a 1 percent shock to the interest on Reserves in a model with zero-interest CBDC (red). See
Table 1 for the assigned model parameter values.

4.5 Role of Balance Sheet Management

In this section, we demonstrate that the reaction to a standard monetary policy shock, that is
a shock to interest rate on reserves, depends on whether the central bank fixes the quantity of
CBDC. In other words, we answer the question: is there a role of balance sheet management
in standard monetary policy transmission that occurs through changes in interest rate on re-
serves? To answer this question, we consider two scenarios: one where the central bank fixes
the quantity of CBDC and the CBDC interest rate adjusts endogenously (Exercise Al); and an-
other where the central bank fixes the CBDC interest rate and the quantity of CBDC adjusts
endogenously (Exercise A3). Figure 7 reports the results.
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Figure 7: Fixed Quantity of CBDC vs. Fixed Interest Rate of CBDC: Reserves Interest Rate Shock

Notes: This figure plots the impulse responses to a 1 percent shock to the interest on reserves. It compares a model in which the quantity of
CBDC is fixed (blue) against a model in which the interest rate on CBDC is fixed (red). See Table 1 for the assigned model parameter values.

As is clear, the policy rule that fixes the CBDC interest rate yields a significant decline in out-
put and consumption compared with the case of the central bank fixing the CBDC quantity. A
positive shock to the reserves interest rate puts pressure on interest rates on illiquid bonds and
deposits in both cases. When the CBDC rate is flexible, the interest rate on CBDC increases as
well, given that CBDC and deposits are imperfect substitutes, activating the NM channel. This
partially mitigates the contractionary effects on consumption and output. When the interest
rate on CDBC is fixed, the opportunity cost of holding CBDC rises following a rise in the illiquid
bonds interest rate. Given the higher opportunity cost of CBDC, liquidity becomes effectively
more expensive, leading to a lower level of consumption and output. Moreover, the quantity of

CBDC adjusts downwards according to the money demand equation for it.

This exercise illustrates that in a world with CBDC, the balance sheet quantity rule with respect
to CBDC matters for determining the response of the economy to a standard monetary policy
shock. This is in sharp contrast to standard NK models in which quantity of money is irrelevant

for real variables.
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4.6 Central Bank Liability Expansions: Reserves vs. CBDC

We now compare the macroeconomic implications of unanticipated expansions in the two cen-

tral bank liabilities in our model, reserves and CBDC, when reserve interest rate policy follows

a Taylor rule. In other words, this policy regime is our baseline Exercise A.1. Figure 8 presents

the results. As expected, deposit expansion is much higher when the central bank increases the

quantity of reserves than when it increases the quantity of CBDC. Other than this clear differ-

ence, in terms of macroeconomic implications, these two policy shocks have similar effects.
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Figure 8: Central Bank Liability Shocks in a Traditional Monetary Policy Rule Regime: Reserve
Quantity Shock vs CBDC Quantity Shock

Notes: This figure plots the impulse responses to a 1 percent shock to the quantity of resveres and CBDC. It compares a Reserve quantity
shock (blue) against a CBDC quantity shock (red) in a model with a traditional Monetary Policy Rule and quantity rules for CBDC and

Reserves. See Table 1 for the assigned model parameter values.

5 Conclusion

Our paper explores the transmission of monetary policy shocks with or without a CBDC using a

framework that incorporates nominal rigidities, financial intermediation frictions, and a novel

liquidity mechanism. Our analysis reveals that a CBDC that is an imperfect substitute with
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bank deposits amplifies the effects of monetary policy shocks. Furthermore, our paper under-
scores the importance of the monetary policy framework adopted by a central bank. Different
approaches to setting the interest rate, whether through a CBDC or, as traditionally, through
reserves, can lead to markedly different outcomes. When the CBDC interest rate is used as
the primary tool of policy, the economy responds to a CBDC interest rate shock in the same
manner as it responds to a traditional monetary policy shock in the standard monetary policy
framework incorporated in New Keynesian models. However, when reserves are used as the
main tool, the response to a positive CBDC interest rate shock can be expansionary, enhancing

labor supply and consumption through mechanisms akin to those in New Monetarist models.

Our framework can be used to study other questions in future research. For example, in the
appendix we have added cash to the model, which naturally brings about an effective lower
bound for nominal rates in this model. One could use this extended version of the model to
study the effects of productivity shocks or shocks to banks’ financial conditions. One could also
introduce quantitative easing in this framework and compare its effects with those of a CBDC,

as they look like similar policies in some papers (such as Barrdear and Kumhof (2022)).
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Appendix

A Equilibrium conditions in the benchmark model and in other cases

This appendix consists of several sections.

A.1 Optimality conditions in the benchmark model

Households’ optimality conditions can be written as follows:

C: . :A't’
P;
Ut

J. Lo, ,BEt/lHl(1+z)for]€{DF},
P

S: /lt:ﬁEtAH.] (1+lf),
H: UH,I = —AtW[.

A.2 Equilibrium conditions for the benchmark model (without a CBDC and cash)

1
C s P
Iliquid bond demand: BE; (QHI) ( tH) d (1+if)=1
Q; C, Py
.S .D 1
i?—1 pP,.C
Deposit demand: L ; :U)D( - I)n
1+1i; D;
.S D .S M
i°—1i i°—1 — E;ik
Bank FOCs: — g =t .St iy
1+i5  (1+id)¢ (1+lt)p€
1- Py ?
Production and market clearing: Y; = A, K;'L,” ¢ Ct+It+ i —1)
t-1

Kiy1=by=1;+(1-6)K;
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Y,
Labor demand: W= pm1— a)L—
t

Y,
Capital demand: 1+ rf( = apmtft +1-0
t

_n 1
Labor supply: wy = Q; “CryL?

6+rK)K, o1 1 LYY
— Y, = r — oo t
Pmt Yy o Q, tw(l o
) .. e—-1 €Yt Py ( P, ) [ P (Pz+1 )]
Optimal pricing: | — — -1|=E;|A
P p g c mt Ptl P, t L+l P, P,
_( _l) 1L
. M; 1D;
Leverage constraint — = —— — pb;
P; ¢ P;
Unknowns:
hd C? Y?K?L?I)Q
* pm[r P}t)tl
D; M
® b! Ptt’ Ptt
zf,lf’,lf

These are 13 equations and 14 unknowns, so we need an equation to close the model:

M? M,
Market clearing for reserves: — = —.
Py Py

S
M MP o145
Exogenous: ;", 5.

14Note that the leverage constraint must be binding all the time. If the constraint is slack, we must have iy =
ltD = lt = E[lt 1> butin that case, the deposit demand equation implies that D should be very large, which means

that the constraint cannot be slack!
151f the central bank sets the nominal value of reserves, then we have the following unknowns:
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Steady State Analysis

Proof of Lemma 1. In the steady state we have:

Intermediate good price: Pm=—,

lliquid bond demand: (1 +i%) =1.

Now we continue in three steps.

Block 1: Given i™, we can solve for iX and i°:

iS—iP S M iS—iK
= = . 51
1+i5  (1+iS)¢  (1+iS)p¢ -1

Block 2: Given i” from block 1, we can pin down Vp = %:

'S _ ;D 1
1" —1 Vﬁ
—~ —Wp .
1+iS b

Deposit demand:

MOIEOVCI, we have:
I
b=K=—.
1

1
—1-HY19
Block 3: Given iX (from block 1) and Q = (1 +wpV, ' ) ! (from block 2), the following four

equations pindown Y,L,C and b:

Y = C+96K,
_e-1_ (iF+0)K P aY (5.2)
% e K44’ '
— AKaLl—a
_Y = UCO'
. Q Vi

We can now calculate Y as a function of C and K, and then use the market clearing condition:

rg  l+g
o, €—1(1—-a)AT-« K" T=a
1-a =

€ Q"5 Coy

)

C,Y,K,L,I; pyr, Pi; b, Dy, My; 07, iP, iK .The market clearing for reserves remains the same, M? = M;.
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e—1 ad
), (5.3)

Y=C+6K—C=Y|1-—
( e iK+6

Given that K and C are now given in terms of Y from the last two numbered equations, we

obtain
L P gatt () T
Y¥to = - — T (5.4)
yQ' 7 (1- L )7 (iK +6) T
|

This concludes the proof, but we can use the following step to finish the analysis of the steady

state.
Block 4, a binding leverage constraint gives M/P:

2z€(%+pb), (5.5)

P
where b = K comes from block 3 and D/P = CV 1 comes from block 1 (for V) and block 3 (for
Q).

Attheend, w = %(1 —a)% gives w,and I =6K. Also, F/P = CVF‘1 gives F.

Proof of Lemma 2. (i): obvious from (2.19).

(ii): note that an increase in i™

increases iX through (5.1), which decreases output through
(2.19) and capital through (5.2), and consequently I decreases because I=6K. For C, combine

(5.3) and (2.19) to obtain

€e-1 ad \Tow _—a(l+g)o
C = const.|l-— iK 4+ 5 Ta+og)
alnC(iK+6)(1+mp)_ 1 a 1+
aiK o P _(iK_+6)_1 l-a @
“as
0lnC l-a ¢ iK+s
— — <01+ < ,
ik a l+o <las

which is true if § is sufficiently close to zero. =

Proof of Lemma 3. An increase in i¥ decreases Q according to Equation (2.9), which increases

Y from Equation (2.19). =
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Log-Linearized Version:

Euler equation: ¢; = E; [Cr+1]1 — 0 (Bi7 — E¢ [F+1] + B—1) + (0 =) (E¢ [Gr+1] - Gr) (5.6)

'S _ D
) I —1i; 1 1+
Deposit demand:ﬁ -1=-¢;——d; (5.7)
1°—1 U] n
Bank equations:
Bank FOC: if—iP =071 (i} -iM) (5.8)
BankFOC : i} —E;rX, —(1+r5)E (7l = p (i5 - iM) (5.9)
Bank Leverage : J:amﬁl+(1—am)5t (5.10)
Philips curve:
~ _(e-1Y
Ty = Pmt + BE¢ [7111] (5.11)
The rest of the equations:
¥ = aki+(1-a)l, (5.12)
Vi o= aclli+(-adi (5.13)
ki = b (5.14)
ki1 = 6i,+(1-8)k; (5.15)
D = Pmet el (5.16)
K_ K
rp-rt N 5 _%
Tk = y(Pmet ki) (5.17)
N ny. 1. ~
= [1-=|g:+—=Cr+ ol 5.18
Wy ( U)Qt SOt el (5.18)
1 1

ar :EaDDVDt—EaDD( ~dy),
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where
1y

()()DV77
app = 11
1+ wDV[;’
Reserves interest rate (Taylor) rule: i ,{VI =My </)f;” Aps+ ¢>§4 Ve + uéw (5.19)

Reserves quantity rule : 1 = uReserves

A.3 Problem with a CBDC

Using the following definitions:

X = X —piforxedd, f,m},
arp = 1,
-(-3)
_ Yy
IBD B _(1_1) WED (1 %)
Vh + % VE
M/P
am = T~
M/P+pb
C
aC = ?’
-1Y
_ a%x
ay = e=1Y !
aTI_(+1_6
1_g
wDVFnD
&pp = Y
l-f-()()DV17

Here is a summary of the log-linearized version of equilibrium conditions:

Euler equation: ¢; = E; [C;+1] — 0 (8i° — E¢ [Fy+1) + B—1) + (0 =) (E¢ [Gr+1] - Gr) (5.20)

. i;—ip ~ (1= T =
Deposit demand: ;g_;D—I:% t—( fD+%D d—(—%+%) A-Bpf (5.21)
:S_:F . _ 1— _~
CBDC demand: ;g_;; -1= % r— (}7 - %}) Bpd— ( f” + ﬁTD)f (5.22)



Bank FOC:
Bank FOC:

Bank Leverage:

Philips curve: ; =

The rest of equations:

Here are the exercises we do.

Exercise Al:

.M
Iy

iy —ip =07 (i} - i)
iP—Erk —(1+r)E @l =p (i -i

d= amﬁ1+(1—am)25t

e-1DY _ -
Pmt+ PE; [T 141]

ak;+(1-a)l,
acCi+(1—ap) iy
Bt
8iy+(1—-06)k;
ﬁmt+}7t—/l\t

~

ay (ﬁmt"‘ Vi— kt)

(1_3)%"‘&@4‘({’@

%QDD (@ - (,BDJ"‘ 1- ﬁp)ﬁ))

M, (Mp Mg M
Iy APy Vet uy.

We need 2 more equations to close the model:

F _ . f
ft = ut .
ﬁlt = u;n

We can shock these variables, i, f,, #, one by one.
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Exercise A2:

- F

We need 2 more equations to close the model:

7 _ . f
fr = u.
ﬁ?t = u;n

We can shock these variables, if , ft » m; one by one.

Steady State Equations when the CBDC and deposits are perfect substitutes

F, yFan Fy F
I, =r +(/)nApt+(pyyt+ut.

v=ooand wp = Wgp.
Steady State Equations:
e QOutput, consumption and labor: Y,C, L
* Deposits, CBDC and reserves balances: D, F, M

e Real assets: b

e Rates: iX,iP

(5.38)

(5.39)
(5.40)

Note that the nominal and real interest rates are equal because the inflation rate is zero, i.e.,

i = rKand i? = rP. We now derive the steady state values:

Intermediate good price: Pm=—"1,

lliquid bond demand: ~ B(1+i°

Given the perfect substitution assumption, we have

Perfect substitution: =i,
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Note that i™ and it cannot be two independent policy tools. Rather, one can be calculated

from the other. Here, we assume i™ is given.

Block 1: Given i™, we can solve for iX and i? = if:
iS—iP - 5K 5.41)
1+i5 ~ (1+iS)e  (1+iS)pl '
Block 2: Given iP from block 1 and it from policy, we can pin down Vp and V:
iS _ l'D 1
Deposit and CBDC demand: T3 = wpQp". (5.42)
i

1

-1y 1
Given Qp = 5F, we can calculate Q = (1 +wpQp ") )

Moreover, we have ,
b=K=-.
0

Block 3: Given iX (from block 1) and Q (from block 2), the following four equations pin down
Y,L,C and b:

Y = C+6K,
_e-1_ (i"+0)K w671 ay (5.43)
Pm = = T T ay e K44’ ’
— AKaLl—a
e—1 -1 1 Lo
—Y = Q O’CU’[I/
€ 1-

We can now calculate Y as a function of C and K and then use the market clearing condition:

Lo gt
e 1 €—-1(1-a)AT«K"T=a
a =

e QUi

M

e—-1 ad
) . (5.44)

Y=C+6K—C=Y[1-—
( e iK+6

Given that K and C are now given in terms of Y from Equation (5.43) and Equation (5.44), we

obtain .
a(l+¢) 1+ a(l+e
+1 a =3 (l—af)Alf(g (%) T—a t1
e 1 (5.45)
1-1 e=1 ad o (:K all+e)
Ve g(l_TiK+5) (iX+06) =



, ., D+F
Vol + Vit =
1

Qp

)
Il

G-\
1+wDVFD .

Block 4, a binding leverage constraint gives M/P:

D M
—={0|—+pb
(P P

P ) (5.46)

where b = K comes from block 3 and (D + F)/P = CQp comes from block 1 (for Vgp) and from
block 3 (for C).

Attheend, w = e;—l(l —a)% gives w, and I =6 K.

The log-linearized version of equilibrium conditions is no different than the model with general

v. We just need to set v to a sufficiently large number.

A.4 Derivation of Equation (4.1)

First, combine the log-linearized version of the demand functions for the CBDC and the de-
posit, Equations (2.1) and (2.2) with their log-linearized versions shown in Equations (5.21) and
(5.22), to obtain

i iS—if 5P
t—Jt=V]; =R -
iS—iF S_iD|’

(5.47)

which suggests that the difference between the demands of different assets depends on the
difference of the spreads. Using (5.47), we can rearrange the demand functions for the deposit
and CBDC:

'S _ <D :S_:F  :S_ D
;-1 v )lt—lt I;—1I; 1.1~
Lt 1= ——1 - =—C;——dy, 5.48
57D ( ﬁD)(n (is—iF iS—iD) nC T (5.48)
S _:F S_GF  iS_ D
;=1 v ;=i Ip—1 1. 1~
=1+ --1 - =—=Cr——fr. 5.49
iS_iF ﬁD(n )(is—iF "s—iD) 7 o

We use Equations (5.48) and (5.49) to eliminate the quantity of the deposit and CBDC in the
definition of Q, Equation (2.5), to obtain Equation (4.1).
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B Proofs of Propositions 1 and 2

Here we focus on the case without a CBDC with extreme assumptions: full depreciation, § =1,

full price stickiness, k = oo, and exogenous 7.

Use the following definitions:

X = X —piforxedd, f,m},
arp = 1,
:6D = 1,
M/P
a =
" M/P+pb
C
aec = ?)
-1Y
R i
VU oaelY o6
e K
1
wDVF"D
app = 11
1+U)DV};’D

Here is a summary of the log-linearized version of equilibrium conditions:

sl)
Il
(e}

Euler equation: ¢; = E; [C;+1] — 0 (81 + f—1) + (0 —n) (E¢ [Gr+1] - Gr) (5.50)

: ip—ip 1~ 1
Deposit demand:  st—5-1= 5Cr— ﬁdt (5.51)

(i iM) 5= L 000

Bank FOC:  ¢(i’ —iP) = (if —iM) = i

1-¢
jM_ ;D
Bank FOC: i} —E,rX | =p¢ (i} -iP)=p¢ "1 ét
Bank Leverage: d[ a,m+(1- am)z[ (5.52)

55



So,

§ éﬂtd? (5.53)
iv—iM .
t t 1_(
Thus rX is calculated by:
(-p0)it-C(-p)iP __
1_€ - trt+1
The rest of equations:
Vi = ab+A-a)l;
Vi = ac+(1-adb
I/T/t"'it = Pmtet Ve
rf—rK N o~
1+ ay (Pme+ i —br1)
PR 1 ~
W[+lt = (l—ﬂ)qt+—ct+(l+(p)lt
o o
~ 1 ~ _ -~
g = EaDD(ct—ammt—(l—am)z[) (5.54)

Because 6 = 1, we get %Hl = Et = ft. Let’s combine the first five equations: First, we remove p,,;

from the last three to obtain:

K_ K

rt r ny . 1/\ B
- :Oéy((l—;)6][+;Ct+((p+l)lt—zt_l),

Next, we remove J; to obtain y; = a.C; + (1 — a,) z[ = azt 1+(1-a) lt Combining the last two:

K K
=a 1-— +—Ci+—|acr+(l—ap)i;—aip—1| — 14—
1+ 7K J’( O_qta_tl_a[ct( ir— i)~ i

(-pO) i} +(p-0)if _
=7

Take expectation and combine with the equation for E,rX rK=E,rk

K. to obtain

ie.,

t+1’ t+17

(1-pO)iy'—€(1-p)ip  r¥
1-0(1+rk) 1+7K

n 1 ¢+
ay (1 - 5) EiGre1 +— [Etct+1 +— = [aC[EtCH-l + (=) i - alt] — i

(5.55)
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Unknowns: itS,Et, it, G, i?”, with this rule:

i =Moo +u) (5.56)

We need 1 more equations to close the model:

my = u” (5.57)

B.1 Proof of Proposition 1; Quantity of reserves shock

Now we assume an unexpected one time shock hits the quantity of reserves (7, = A and m =0

for s > ). Since this is an unexpected shock and dies in just one period, we can set all expected

values to zero, in which case we obtain (unknowns: i3, ¢y, ir, Gy, iP,iM):

Euler equation: &; = —o (8i% + f—1) - (0 —n) G; (5.58)
i$—iD 11 1 ~
5 1=—C——apA-——0-ap)i; (5.59)
i$—iP noon n

iS—iszliw_lPﬁiS:MﬁiS_iD:’t_liw_)is_iD:liw_llp
t t 1_[ t 1_[ t t [ t ¢ 1_[
. 1 R .
q: = EaDD(Ct_amA—(l—am)lt) (5.60)
(1-p0)it'-t(1-p)i7 o o (pa+ll¢ 5.61)
1-0)(1+rK) 1+/K7 "V 1-a ! :
ii"=rM+g)le (5.62)

Let's remove i, iM, and g, to simplify the system to:
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My pMe, — 0iP - -~
Et:—o'(ﬂ ly ; ! + —1)—uaDD(Et—amA—(l—am)it)
rM+¢)yét—itD 1 1 1 ~

—l=2G——amA—=(—an)i
(l—pﬁ)(rM+¢yét)—€(1—p)if? rk pa+1.
- =—a i
(1-0)(1+7K) 147K "V 1-a

Special case of 0 =12

Let’s simplify the first equation and solve for ¢; from the first equation and then plug it into the

second one:
1-B)1-0o—-cprM
BB@—( Pa-Oo-afr =iy
opl
rM o) 1) 1 _ (1-pa-oo-oprM) 1 1 .
= (is_iD)(l_[)+((is_iD)(1_[)_E)Ct_m BBCt— Uﬁ[ —1———amA—E(l—am)lt
¢}~ BB 1 M (1-p)a-0o-oprM 1 ~
——|Ci+ + “l+—apA=——>0Q-ap)i
((is—iD)(l—é) n] " (iS-iP)a-0  ope(iS-iP)a-0) = (L Emlhe
R 1-B(1+rM) 1 1 .
> | |Gt ———————L 1+ —apA=——(1—ay)i 5.63
Now, solve for
(1-pt) (M +gMe)-e(1-p)iP  x pa+l.  ga+l -

-1 ~
_(1_am)lt]

— = -, —
1-0)(1+rK) 1+ 7K Y1-a l-a 1-ap | n
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(1-p0)(rM +¢Me,) - (1 - p) | BBE, - L=DU=00=0br™ K
y

= apl r “ pa+1..
— — — 1
1-0)(1+7rK) 1+7K~ V1-a '
M, 1
+1 by top 1 1-B(1+rM
:ay(pa 1 —( ,Sy ,gﬁ += a+#ﬂ)—l+—amA
l-a 1-ap | \(i5-iP)¢ 1 pe(iS—iP) n
M, 1
M 1-2) Y pa+1 nay [Py +55 1
= | (0=p0)gy = (1=p) =og= = (1=p)oy + A= O (4 ) T o S omy e ¥ )| @
1-B)(1-0o-oprM 1-g(1+rM
S T oL Uﬁ); obr +(1—£)r’<+(1—m(1+r1<)"’1“_+a1li“;m(M’Zi(sjirD))—1+%amA)
We used:
_ ., 9B
AA=1+——
1-04A _1-¢
BB="05r-=ope 7
¢M_BB:¢M_tﬁ_ﬁ1nJi¢M_kﬁ__tﬁwM+JJ
y y Topt ~ ¢ — "7 Py “ope =7 \Py Top
1-¢
~0(1-p)BB=~(1-p) {2 - (1-p) )
1-)1-0o—cprM 1-p0)(1-B)(1-0)
—(l—p)( ) Uﬁﬂar :(l—p)rM—( P)(ﬁﬁ) _
Simplifying and dividing by 1 - ¢:
M _(1-p)(-B) | Kk Ky pa+l nay (1-p(1+rM) o q
- prif ===+ +(1+r%) 5= 1—am(ﬁ£(is—i0) 1+namA) 560

M 1-p | (pa+1) nay(1+rK) [ &Y'+55 4
p(,by _W'i' 1—a i/—llm ((is—iD)f ﬁ

1 m
_ 06 _ (1+r) 555 28y
0A M 1-p . (pa+1) na,(1+rK) <P)]y[+(%5 1
Py —p * T Taw |-y T
1- 0c,
(,b]y > il = ge >0
nBp  0A
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Noting that @y, = 1 and o =7, we can simplify it to:

- Ky pa+l a,,
oz, (1+ ) o e
N - (5.65)
0A ((pa+l) (1+rK) 77(/594“‘3 1
('by I-a l-am | (i5-iP)¢

Now we can simplify the equation for investment (eq. 5.63):

Lo _ 1 (0 Hop \oa am
oA T U-am (iS—iP)¢ oA 1-ap

ngy pa+l
3(1_am)5_'[t: (1+(zs zD)ﬂ) I-a
(01 oA 1-an, +1 ney, +
" ( 1+L:K ) (pd);\’/l (Pa ( (lsle)é)
~ 1-a, M _ 1—_P
e ()
a, OA Qa+l 1 n(l’)jyj"’% " (l—am] ( M _ 1__‘0)
I-a (iS-iD)¢ ok ) PPy np

Equations (5.66) and (5.66) are what we want for Proposition 1. The other parts of the proposi-

tion are straightforward for consumption and investment. For the interest rates, we can simply
use the following:

% _ ¢M00[
0A Y oA
oiP (1 z_k¢y ac:
oA opl oA
oi; 1 06
0N~ agfoA

6(#Z;if) _ (1 e)(aﬁ " )Oct

ik amay [(1 +1r8) (pa +1) ( + “C‘fj) —(1-ad)(p+1) (p(py— %)]
oA (1-a) oa+l Y45\ (1—aw) (. oM 1-p
T—a (1 + (iS—iD)e) + ( 1+rK)(p('bJ’ 1B )

This concludes the proof of Proposition 1.
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B.2 Proof of Proposition 2; Reserves interest rate

Now we assume an unexpected one time shock hits the interest on reserves (u = Aand u =0
for s > ¢), also we assume 71, = 0. Since this is an unexpected shock and dies in just one period,

we can set all expected values to zero, in which case we obtain (unknowns: i ts ,Ctr ity Gt itD N ﬁVI ):

Euler equation: ¢; = —a (BiS +B—1) - (0 -1) G: (5.67)
il G-~ -am? (5.68)
iS—iD _Tl t 17 mJtt .
‘M _ D ‘M _ p:D S _ M M_ D
S M _pl Tl s_k — i S_pp_lTh ;S_p_l Tl
t t 1_( t 1_{ t t t t 1_[
~ 1 . ~
4: = E“DD(Ct_(l_am)lt) (5.69)
(1-p&)iM—t(1-p)iP K pa+1.
- T =~y it (5.70)
1-0)(1+7rK) 1+7 l1-a
i =M+ lfe + (5.71)

Let’s remove i, i, and g, to simplify the system to:

M pMa :D
i+ ¢y e+ A= L

1-¢

/C\[:—O'(ﬁ

B- 1) - %aDD @ -Q-amwi)

M A D
gy G+ A= _

1
—-1==
(iS-iP)a-0) n

-~

1 .
ci——0—am)i;
n

(l—pf)(rMﬂ,byét+A)—€(1—p)i? Ko L ga+l.
(1—0)(1+rK) 14k Wi
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We write the system of equations in matrix form

AX=B+CA
where
Ct
X=174
:D
Iy
¢y oo o-n
1 +Uﬁm + TaDD _TaDD(l - (Xm)
A= —¢J1>4 _1 _1_am
(i5-iP)a-o n n
(l—pf)<!>§4 pa+l
1-0)(1+rK) Y 1-a

B =

C=

~o (B +p-1)
P
(iS-iP)(1-0)

ko (-pn)r™
1+rK (1= (1+rK)

1
0P
1

T (S-iP)a-o
__ (=p0)
(1—()(1+rK)

This is the desired matrix format for the linear system.

To calculate g_)A(’ we get:

0X

oA

a+1

(1-p)  1-am 1 [
+ ay t——
(iS-iP)a-o VI-a

a-o(1+rk) 7

a-1 ¢(1-p)

det(H)A™! =

S

|
B
|

=A7IC

D o)
55>

0A

¢M

~o(pite)

___¢(-p)
1-0)(1+rK)

L (1-p0)pd!

¢(1-p) y 1
(1—[)(1+r’<) (i8-iPJa-op " [is—iD)(l—Z) (1—/)(1+r’<]

_T“DD(I‘D‘M) -0

(1-p0)}!
(1—!)[1+r1<)

i
=0 a-o1+K)

(_ ¢(1-p)

(14)(1+r1<]

62

(1-p0)pd!

by ,o-n ¢ by Lo
(1+‘7ﬁﬁ+TaDD +aﬁwm - 1+”ﬁW+TU‘DD




ot (1- l-a 1 a+l
_(1_[)det(A)a_At B _(1—§)(1i)ﬂ<) nmUﬁJr(is_iD)(l—Z)“y(pl—a op
(Py ¢(1-p) 1

(iS-iP)1-0 1-0)(1+rK) (iS-iP)

1 ¢(1-p) 1 1 (1-p0)o) 1

n(-01+rK)(iS-iP) (S-iP)a-0 a-0)(1+rK) (iS-iP)

. o) pa+1(1-pf) 1 pa+1(1-pf) 1-an (1-pO) P} (1-p0)
(S-P) -0 1-a (1+r8) 777 0-a (1+75) 10 A-0O0+rK) (1+7K)

¢(1-p) ¢ (1-p0)¢)
1-0+rK) "T1-ca-01+rK) op

+(_ ¢(1-p) (Haﬁw - ) opt (1—pz)¢1y\4)(le)

+ _aDD
n

0 o-—
-1-9 det(A)ﬁ = (—TnaDD(l —am)

1-0)(1+rK) 1-¢ 1-01-0(1+rK) i
o)y o-n pa+1 o-n (1-p0) ¢y \ (1-p0)
+(_(1+0’61 Z+TaDD)ayl a _TQDD(I am)(l—é)(l+rK) (1+7K)

Special case of 0 =7

o [ 1 ¢ 1-p0) _
Q-0 (1+r* )det(A)— = [U'B+(i5—iD) =7 4= opdy
t(1-p) 1 pa+1 o By
la-o (iS—iD)Jray (1—;;2)] 1-¢
((1-p) 1 pa+1
“a-o o) T I (I_M)]
(1-¢ o P (1—pz)_¢a+1(1—pz)]0ﬁ¢§4
(z )(l”)detm) ) [(is—iD) Py e T ) e

_[S:Z (is—liD) e (l_epg)]

where we also used ay=1.

Assuming that det(A) <0, then:
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o
(5-7)

which brings us to Proposition 2.

<opf

1-pof 1(1-p¢\ 01
( 'O)+(p0‘+ ( p ):ﬁ<o (5.72)

1-9) l1-a ¢ 0A
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C Proof of Proposition 3 and Corollary 1 and associated analysis for the case

that CBDC and deposits are perfect substitutes

We are interested in a case where CBDC and deposits are perfect substitutes, i.e., v = co and
wrp = wp, and they are both used in equilibrium. In this case, their interest rate must be equal.
We will assess the effects of different shocks in this case: an exogenous shock to CBDC interest

rate.

It is similar to a deposit-like CBDC which has been discussed in the literature. Assuming that
the CBDC s used in equilibrium, since CBDC can be used in exactly the same set of transactions

as deposits with the same importance, we will have:
e If i¥ > iP, bank cannot raise deposits. Therefore, iP>iF,

D _ ;F

e If i? > i¥, demand for CBDC is zero and CBDC is not used, so we must have i i,

Steady State Equations:

In this equilibrium, the central bank fixes quantity of reserves and we derive a necessary condi-

tion for that. Here, the central bank no longer can decide on it
e QOutput, consumption and labor: Y,C, L
e Deposits, CBDC and reserves balances: D, F

e Real assets: b

K ;D ;M

e Rates: i™,i”,i

As before, the nominal and real interest rates are equal because the inflation rate is zero, i.e.,

iX = rKand i” = rP. We now derive the steady state values:

Intermediate good price: Pm=—"1,

llliquid bond demand: ~ B(1+i%)=1.

Deposit and CBDC demand:

S 1. .
lf—zf?_ 1 _wD( P,C; )n:lf—zf 5.73)

D/ +F, 1+

65



VFD

Il
S

+
=
L

iS—iP §S—iF iS—iK iS—iM

1+i5 145 (1+iS)pl  (1+iS)¢

Therefore:

Perfect substitution: io=1i". (5.74)

This gives us a relationship between i and iM:

iM_vit=a1-0)i°

In the steady state with zero inflation rate, i S= % — 1, which implies that i M is no longer a free

variable in the steady state and is given by:

1-—
iM:ZiFJr(l—[)T'B. (5.75)
For a given i, the maximum real deposit demand is given by # = %, S0
FD
Dmax C
P - ( iS—iF )Tl'
wD(1+i3)
Block 1: Given i, we can solve for iX and i? = it
'S _iF 'S _ K
i°—1i i°—i K F 1-4
— = =>it=pli" +(1-pl)—— (5.76)
1+i5  (1+i%)p¢ P (1=pf) p
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Block 2: Given it from policy, we can pin down Vgp and Q:

1 is—iF n
Vep = |—
ED (wD 1+is)

1\ T
— n

Still, we don’t know D/ P and F/P separately.

Moreover, we have ;
b=K=—.
0

(6.77)

(5.78)

Block 3: Given iX (from block 1) and Q (from block 2), the following four equations pin down

Y,L,C and b (as before):

Y = C+94K,
_e-1_ (F+0)K P aY
Pm = e ayY e iK+§’
— AKaLl_a
—Y = aCo .
€ Q wl—a

(5.79)

We can now calculate Y as a function of C and K and then use the market clearing condition:

Lo o lte
e ; €—1(1-a)AT«K"T=a
a =

_ € Q"5 Cry

M

Y =C+0K C—Y(l e-1 “5)
B B e iK+¢§)

Given that K and C are now given in terms of Y, we obtain

a

(1+¢) 1+¢ =1\ 2t
a 1-a (1-a)AT-« (T) 1-a

Y9+ =

1
7 (iK+8) T

_n —
wQ' (1 e igfﬁ)
Block 4, a binding leverage constraint gives D/ P:

M+ b_lD
p PPTYDp
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Therefore, % that the CB chooses must satisfy:

N dition for M M< b+1Dmax b+:l ¢
ecessary condition for M: — < — - =— -
Y p p ¢ P p g( iS_iF )n
wD(1+i5)
Dmax _ C
where = =( 7 )T,.
wD(l+is)

This means that for given i’ a steady state equilibrium exists iff:

- 1
Necessary condition: pK < Zm

wD(1+iS)

(5.83)

Also, (D+ F)/P = CV;}, gives F/D.
Attheend, w = %(1 - a)% gives w, and I = 6K.

The only difference is that here i™ is endogenous and M/ P (real supply of reserves) is exoge-

nous and set by the policy.

Log-linearization for transitional path

Using the following definitions:

X = x\t—ﬁthI'XE{d,f,m},
arp = 1,
—_q-1
VD(I )
ﬁD = _(1_%) oD _(1_%)7
VD +EVF
M/P
a = —,
m M/P+pb
C
ae = ?y
e-1Y
_ = x
ay = e-1Y ’
a7?+1—6
1
wpVip,
pp = —l—l
1+(1)DVFD
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We now add full price stickiness and full depreciation.

Here is a summary of the log-linearized version of equilibrium conditions:

=

Euler equation: ¢; = E; [C;11] — 0 (Bi° + B—1)+ (0 —n) (E;[Gr+1] - G/)

N
. 1;—
Deposit demand: -5

Bank FOC:  ¢(if —if

Bank Leverage: Jt =a,m+(1—ay) ?t

So,

. .S .M .M .F .S .
These imply that iy > i, © i, > i, < i} > i;.

Thus rX is calculated by:

):(if_it

Bank FOC: i} —ErK, =pl (i —i

- M - F

Ly — 1y
1-¢
‘M _:F

(5.84)

(5.85)

(5.86)

(5.87)



The rest of equations:

¥ = aba+(1-a)

Vi = ac@+(1—ac)5t
wt"‘/l\t = Pmt+Y:
rf—rK

T,k ~ ay (Pmi+ i —be-1)

5 1 _ ~
w[+lt = (l—g)qt+gct+(l+(p)lt

. 1 = - ~ =

Because 6 = 1, we get EH 1= Et = /z\t Combine the first four equations. We remove p,,; from the

last two to obtain:

K K

r., —r ny\ ~ ]_A ~ o~
1t+r1< :“y((l_;)Qt+50t+((p+l)lz—zt_1).

We also remove J; to obtain y; = a.¢; + (1 — a,) zAt = aft_l +(1-a) lAt Combining the last two:

=« - = —Cr+—[a.c —ao) i — Q1] — i
147K y thatl—a cCr ol -1 -1
. . . . . 1-p0)iM+(pe-0)if
Take expectation and combine with equation for E,rX |, i.e., (=p )’fl_*,E" iy _ K E;rk -1k,
to obtain
(l—p[)iy—[(l—p)if X n ~ 1o p+1 ~ > ~1 &
A-0(1+rk) T1ik Y ((1 - E) ErGre1+ E[EtCHl 1 g [acECrer + (1 — o) Eplger — aiy] — lt)
(5.89)
Unknowns: i7,¢;, ir, Gz, fr, i, with this rule:
i =My pe +u). (5.90)
We need 2 more equations to close the model:
it = uf
ﬁ’l[ = u’tn
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Effects of a one-time unexpected CBDC rate shock

Now we assume an unexpected one time shock hits the interest on CBDC (i f =Aandi f =0 for

s> 1), also we assume 1; = 0. Since this is an unexpected shock and dies in just one period, we

can set all expected values to zero, in which case we obtain:

Euler equation: ¢; = -0 (,Bits +p-1)-(0-n)q;

-S
iP—A 1. B _ ~ 1-Bp =
i;_iD—I:Ect—FD(amm+(1—am)zt)— D¢
- M
ls—iM:[lt -A
t t 1_[

~

1 = 7, f;
qe = E“DD(Et—ﬁD“mmt_ﬁD(l_“m)”_(l_ﬁD)ft)

(l—pé)ifw—f(l—p)A_ rk _ g patls
(1-0)(1+7rK) 1+rK~ Vi-a 't

.M _ M N
iy =r7+¢, ¢

Let’s remove ¢; and i ?/1 from the equations to simplify:

~ .S (0 ~ . ~
G=—o(pi;+p-1)- app|C—Bpamm,—Bp 1 —am)i;—n

-S
lt_A 1 ﬁD ) -~
—l=-¢c,——|a,ym+(1—« ly) —

l_ﬁDf

Mgy —en
1-¢

.S
Iy
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(5.92)

(5.93)

(5.94)

(5.95)

(5.96)



(l—pﬁ)(rMﬂpyét)—é(l—p)A_ K pa+ls
(1-0)(1+rK) 1+rK g

Now we can simplify to the equation for consumption:

rM+ e —on
a:—a(ﬁ 1y_4 +6-1]...

rMiple—en
_TaDD Ce—Bpamm:—Pp(L—ap)ir+n 5D —n—=Ce+Pp(amm+ (1 —am) i)

Mgl e -

M pMa
r +(/) Ct—[A A
. y 1-7
=>Cr=-0 +p-1|—-(c—n)a -1
t (ﬁ 1—¢ i ) ( 77) DD iS_;D
rM_¢A r]\;[__;A_A
O(ﬁv'Fﬁ—l)"‘aDD S_;D -1 (0'—77)
=>Cr=— 5.97
Cr o Manp (5.97)
1+0p27+ sy (0 - 1)
Finally, solve the investment:
(1-p0)(rM+ i) -0(1-p)a & pa+l-
— =-ay i (5.98)
1-0)(1+7K) 1+7K l-a
Therefore, consumption’s response can be written as:
~ L 4 1 9D (45_
oc; OPi5+ 75D (o-n) -0 (5.99)
oA ¢} ¢} app '

1+0ﬁm+m(0’-’l])

Note that the relationship between investment and consumption is the same as in the case with

no complementarity. The only equation that has changed is that of consumption.
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_, ga+1on_ (1-p0)¢y  obiStrgstplo-n)  ((1-p)
Y1i-a 00 a-0)(1+1K) ) (1-0)(1+rK)

¢y ¢y app
1+ 0 + o momy (-1

; 0 Uﬂﬁ"‘ﬁi@ﬁ)(a—ﬂ) >€(1—p)

o~

1-p
opp+ % l'(SxI_)lPD (0_77)

. . .. 0i; M
Disintermediation: _A <0e cpy > (5.100)

Therefore, we have Proposition 3.

For the case of no complementarity (o =), we can easily determine the investment response:

ai, | obpey'-(1-p) (1-a)¢
oA 1+%</)§4 ay(pa+1)1-0)(1+rK)

Deriving Corollary 1 is then straight forward.
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D Role of Different Model Ingredients
D.1 The Role of Illiquid Bonds for households

We can define interest on illiquid bonds via the following equation:

Av=BE [Aer (1+17)]

If we define it this way, the equations should not be changed for households.

In this case, i f can be calculated as follows:

This shows that the FOCs for households are unchanged compared with the case where house-
holds can hold illiquid bonds.

D.2 Role of Financial Frictions

Banks are subject to
Nt:Mt+Ptbt_Dt_At; (5101)

Banks maximize the expected value of discounted profits minus equity, which is for time #:

}_Nt)

where A t,t+1 = BUc,t+1/ (m+1Uc, ) is the nominal stochastic discount factor.

Ry Et{f_\t,t+1‘yt+1}—Nt

Pib (1+iK )+ M, (1+iM)

—(1+iP)D,— (1+17) A,

EI{AI,Hl

Bank’s Optimality Conditions
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We impose N = 0 then write the Lagrangian for the maximization problem as

Pb, (1+iX

[Et{At,Hl

+/_1t(—Dt+£M[+€pP[bt) ’
-®(=A;—D;+ M;+ P;by)

)+ M, (1+iM)
—(1+iP)D;— (1+17) A,

where A, and @ are the Lagrangian multiplier associated with the leverage constraint and the

balance sheet identity.

We then manipulate the optimality conditions to obtain

FOCA:~E,{A 1 (1+i7)} +®<0w. ineq. onlyif A=0.
FOCD:~E;{A; 1 (1+iP)} = A, +® < 0w. ineq. onlyif D = 0.
FOCb:E {As 41 (1+iX,)} +€pA; —@ < 0w. ineq. only if b=0.

FOCM:E {A; 41 (1+iM)} + 01, — @ <0w. ineq. only if M =0.

.... Assume 1; and @ are both strictly positive:

Note that b > 0 and d > 0, so we have:

|Et {[\[,L‘+l (1 + l?)} + i’t =0 = |Et {AI,[+1 (1 + lﬁ-l)} + Z‘O/’_‘,t

Assuming that reserves are also used:

[E[ {]\If,t+l (1 + liw)} +£/,_1,[ =

Assuming that illiquid bonds are also used, i.e., A > 0:

[Et{At,t+l (1 + lf)} =®

Eventually:
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Et{AtHl(l l)} Et{AtHl( iﬁl)} -

E{A iy —ip =A¢,
t{ [,t+l(t Z)} Vi [p t
s Eif(Am1iK)
S_ D .S_ M St
ip—i iP—1i t .
L Lo - Edn  _ 7, (5.106)

1+i5  ¢(1+i%)  ¢p(1+id)
From household’s condition, we know E; {A; ;41 (1+i7)} =1,s0 @ = 1.

If illiquid bonds are not used, i.e., A= 0. In this case: M;+ P;b; = D, which means D, < (M, +
pP:b;) cannot hold given that D;, M;, and b;) are all positive.

... Assume 1, = 0 (no Financial Friction) and @ is strictly positive:

Now:

FOCA: ~E;{A; 41 (1+i})} +@ < 0w. ineq. only if A=0.
FOCD:—E{A; 1 (1+iP)} + @ <0w. ineq. onlyif D =0.
FOCb:E,{As 41 (1+iK,)} — @ < 0w. ineq. onlyif b =0.

FOCM:E {A; 41 (1+i))} — @ < 0 w. ineq. only if M =0.

Note that b > 0 and d > 0, so we have:

[Et {]\t,l’+l (]. + ltD)} =@®= [Et{]\t,t+l (1 + ll{i—l)} (5].07)

From households’ problem, we know i¥ > i?, we should have A = 0; otherwise we have A > 0

implying that:

o= [Et {At,t+l (1 + lf)} > [Et{At,t+l (1 + ltD)} =

which is a contradiction. Therefore, A =0 thus:

Mt+Ptbt:Dt (5].08)

If M > 0, then [E[ {At,t+1 (1 + liw)} =, SO
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BankFOC1: iM=iP (5.109)

BankFOC2:  iM = E 7K, +(1+r5)Ef (5.110)
Balance sheet identity: d= a,m+(1—ay) Et (5.111)
where
M/P (5.112)
Ay = ————. .
T MIP+b

The third equation is the same as (5.153), but notice that there is no p in the denominator of

am-

Altogether, we have

My _ M K _ D _ ;S

i, <i;, = i,=1i/<ij,andm;>0,d;=m;+ by,
M _ M K _:D_:S _ _

ip <i, 7 = ig=1i;,<i;,andm;=0,d;= by,

and iM* is given by: b, (iM) - d, (iM) = 0.
We focus on iM > iM*.
Steady state analysis for the case with no financial frictions

Note that the nominal and real interest rates are equal because the inflation rate is zero, i.e.,

i = rKand i” = rP. We now derive the steady state values:

Intermediate good price: Pm=—1,

Mliquid bond demand: ~ B(1+i%) =1.

Block 1: Given i™, we can solve for iX and i?:

=i =0, (5.113)
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Block 2: Given i from block 1 and it from policy, we can pin down Vp and V:

iS—iD 1 1,1

Deposit demand: m:wDVD“ Vip 7 (5.114)
iS—iF 1 1.1

CBDC demand: Y =wrpVy Ve . (5.115)

Note that Vrp is a function of V;’s. We can then calculate Q:

-1 w _(1=1H)\1_T
VFDE(VD(I “)+—FDV 1 ”)) v

Moreover, we have

1
b=K=-.
0

Block 3: Given iX (from block 1) and Q (from block 2), the following four equations pin down
Y,L,C and b:

Y = C+6K,
_e-1_ (iF+0)K P aY (5.116)
% e K44’ '
— AKaLl—a
_Y = UCO'
. Q (e

We can now calculate Y as a function of C and K and then use the market clearing condition:

Lo o lte
e ; €—1(1-a)AT«K"T=a
a =

_ € Qs Cry

)

e—-1 ad
). (5.117)

Y=C+6K—-C=Y|1-—
( e iK+6

Given that K and C are now given in terms of Y from Equation (5.116) and Equation (5.117), we
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obtain

a(l+g)
yori_ @ (1w at (1) T 118
= - - 1 R (5.118)
vQ —5(1—67l,‘§‘+5) (iK+6) ==

—=—+b, (5.119)

where b = K comes from block 3 and D/P = CV, ! comes from block 1 (for V) and block 3 (for
C).

Attheend, w = %(1 —a)% gives w, and I =6K. Also, F/P = CVI§1 gives F.
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E Robustness check: Analytical results with no complementarity, no finan-

cial frictions, and flexible prices

In this section, we study the model with neutral money: n = o, full depreciation, 6 = 1, flexible
prices, k = 0, and no financial friction. We also assume exogenous . First, we keep CBDC
in the model and show equations with CBDC but later on we remove it to get some analytical
results.

Because 6 = 1, we have /](\:t+1 = Bt = ?t, and zf)t+lAt = ’c}+(<p + 1) lAt = Pm¢+ ;. Using the following

1
g
definitions:

X = X —piforxedd, f,m},
arp = ]-)
~(1-3)
= VD ’
b = v, o, (1-3)
D Twp VF
C
de = ?)
e-1Y
_ X=X _
ay = e-1Y =1
aTE+1—6
%—1
_ (UDVFD
pp = —l—l.
1
1+a)DVFD

Here is a summary of the log-linearized version of equilibrium conditions: n = o, we have:

Euler equation: ¢; = E; [Cr+1] — 0 (81} — E¢ [Fr41] + B—1) (5.120)

:S_s:D _ ~ ~
Deposit demand: =5 —1= %At— (1 fD + %D d; - (—%} - ,l,) (1-Bp)f: (5.121)
i5—if ~ 5 (1= =
CBDC demand: b 1= % = (% —~ %) Bpd;— (% + ﬁTD) fi (5.122)
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Bank FOC 1:
Bank FOC 2:

Balance sheet identity:

where

.M _ D
Iy =1

- M K K =~
Iy :Etrt+1+(1+r )E[Yl'[+1

d= amI%+(1—am)Et

M/P
M/P+b

am

The third equation is the same as (5.153), but notice that there is no p in the denominator of

. Also, if/l* < iﬁw.

The rest of equations:

= ab, 1 +(1-a);

Vi
Vi = ali+(1-a)b;
1. . L -1
;Ct+((p+1)lt = Pme+ye=(p+1) tzyt—gct
rK_rK ~
1t+rK = ay(ﬁmt"‘yt_bt—l)
Therefore:
OCE +(1_a)/\—(l_a)lé\:>/\ qH_l)aE —(l_a)l’é
. R ) L P P Y R P P
R R ~ (p+1) - ~ l-a) 1)
yt:acct+(l_ac)bt:’—a’bt—l_(l_ac)bt:(ac+—_ Ct
(¢ +a) (p+a)o
K K
rk—r TPt (p+1) )A (1-a) IA)
= ~bi)=ay|[——2a-1|bg -
1+ 7K “y(yz‘ t 1) “y((((p+a)“ -1 ((p+a)00t
(-a) 1)( (p+1) n (-a) 1 ((e+) 7 I
~ et ) (ge-1)bn 753 (b -1 -a0b)
-y (l-a) 1 B (l-a) 1
(“C * lora) E) (“C ot E)
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by -1 _q)b,

K_pk [(ac+ (1-a) l)((‘ﬂﬂ) o 1) (- 1 (p+1)

Iy (p+a) o)\ (p+a) " ) (p+a) 0 (p+a) (p+a) o
>-1 _ —q
' (“C T {ora) o)

(p+1) l-a) 1]73 _(0-a& 1 =
K _ K a a—a.— =\ by — =(1-agb
T 7T _ [ lp+a) ¢ lpra) o | Pt pray g 1 7 %) ben (5.125)
1+rK Y ac+ ((;;r‘;))%
Bank block:
BankFOC1: M =iP (5.126)
E;rK K
BankFOC2: M :(1+rK)[(1t:_+K)+rK+(l+rK)EﬁH1
r
(p+1) l-a) 1]% _ (- 1 -
_ra kg [lactiaya e G 3] B 55 5 0 e Edden
=(1+77)ay a4 a1
¢ (p+a) o
+ric+ (L4 ) Efi g (5.127)
Balance sheet identity: Jt :amﬁzt+(1—am)gt (5.128)

We take into account the zero-interest CBDC: if' = 0.

Add a Taylor rule for i as a function of ¢;:

it =M+ oy a+ o) e+ up.
Now we assume an unexpected one time shock hits the quantity of reserves (7, = A and m =0
for s > 1). Since this is an unexpected shock and dies in just one period, we can set all expected

values to zero, in which case we obtain (unknowns: i?, ¢y, by, i2,iM 7 ,,d, f1):

Put equations together:

((p+1

Supply side: —))aEt_l —(-a.) b, = (ac +

(p+a

”_“)l)e
(p+a)o !

Euler equation: ¢; = —o (8i7 + 1)
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:S_:D _ - -
Deposit demand: ;g_;‘D -1= %A[— (1 fD + %D de— (—% + %) (1-Bp)f:
.S_:F -
CBDC demand: zg_;;—1:%3—(%—%)ﬁp t—(lnﬁD+ﬁf)f
Bank FOC1: M =P
(¢+1) (1-a) 1
ac a—ac— =
BankFOC2: M= (1+rN)a, | (o+a) — A
A+ (p+ra) o
Balance sheet identity: Jt =auA+(1—-ay) Bt
Taylor rule:iM = rM + ¢,¥ﬁt + CP}ZY[@
Special case: No CBDC
Remove iP and write:
+1) -~ ~ 1-a)l
Supply side : ((P ab;1—-1-ay) by = (ac+ ( ) —)6
(p+ (p+a)o

Euler equation: ¢, = —a (Bi + 1)

Deposit demand: —5 1= % - ,l]dt

BankFOC2:  i}/=(1+r")a,

Balance sheet identity: (Z =anuA+1—-ay) Bt
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Finally, we get the following 4 equations:

(p+1)
(¢ +a)

aEt—l—(l—aC)B;: (ac+ d-a) 1)3
(p+a)o

Euler equation: ¢, = —a (Bi} + - 1)

[ac (@+]) o _go—d=a) 1]
Depositdemand: i —(1+rX)a, (w+;)c+(“’“)) b, — = (i5-iP) = (i5-iP) fe - (i -
p+a) o
Balance sheet identity: dvt =auA+(1—-ay) Et
Eventually, we get the following equations in b; and i 5
(v )abt_l—(l—ac) bt:—(ac+ ( )—)o(ﬁif+ﬁ—1) (5.129)
(¢ +a) (p+a)o
[ (¢+1) (1-a) 1]
ac a— c -
. p+a Qp+a) 0| ~ . .
il = (14 ) ay - (l—a)l( ) (=i = (i° =)
et (pra) o
1 1 -~
= (is—iD)Ea(ﬁif+,6—1)—(is—z’D)E(amA+(l—am) by)
=i; (1-(i*-i") p) =
(¢+1) (1-a) 1
Uelpra)E ™%~ (pra) o 1 -~ 1
(1+rK)ocy[ (Wa) e f’” ) +(i5—iD)E(1—am) bt_(is—iD)EamA+[rK+(iS—iD)ﬁ]
¢ (pra)o

These two equations determine the evolution of capital and illiquid interest rate.
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Put everything back to the first equation:

(p+1) ~
((p+ o abt_l =(1- afc) bt
(p+1) (1-a)
.—(ac+ d-a l)o p (1+rK)ay ac(:gm)a_ac_(wm)é (is—iD)l(l—am) Ez—(is—iD)lamA+[rK+(iS—iD)ﬁ] +p-1
(p+a)o 1-(iS-iP)p ac+ 8}1‘;})% n
(9+1) (1-a) 1
(p+1 (-1 lectprag - Grms] s o p A
—((p+a)abt1—[—(1—ac)+(ac (<p+a);)g (1+rK)ay ac+((;;rf;))% +(zs—1D)E(1—am) m by...
-1 p s .oyl ( 1-a 1) [ p S_ D ]
- — - —a,A — - -1
( C+(<p+a)0)al—(is—iD)ﬁ(l : )na’" ’ ac+((p+a)0 7 1—(i3—iD)ﬁ[rK+(l LA

Given that we began from the SS, so by =0, we get:

a-a) 1) B(i5-iP)
b = (aC+ (p+a) E) 1—(i5—iD)ﬁam A
o i [oc B a-ac- 53 1] 1 b
-a K C(p+a ¢ (p+a) o :S_:pD\1 _ b _
(0“0+(¢+a)) (1+r8)a, 2 T T +(iS—-i )n(l am) | oy~ (1~ @)
(5.130)
(1-a) 1

Note that — (ac+ )0’ [ﬁ [ri+ (i85 - iP) B] + B - 1] = 0 so it is dropped from the

(p+a) o
equation.

Assuming that the denominator is negative, this implies that the response of capital and in-

vestment is negative.

Finally, note that we don’t need Taylor rule, because it only affects evolution of inflation! That is,
MP interest rate is ineffective with flexible prices, which is what we know. However, our results

show that quantities matter even without financial frictions and without complementarity.
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F The Model with Cash
E1 Derivation of HH’s optimality conditions in the full model with cash

Modified utility function with cash is given by:'®

D, E;, F
U(C[,—t ! th)

P’ P, P,
1-1 L
C n n
t o
1 1 1-1 1_117 L4 1+¢
= 1-5 4 @D -3 _
= 1_1 +Q)D((Dt/P[) v + ©p (Ft/PI) )1 1 1+(p t
N
_1 _IN\TTT
+op ((Be/P)' 78 + 2L (F, P! 2 ) e
Optimality conditions:
U
C ol =0
P,
U],t .J
J i St =A-PEAn (1+4]) for Je (D, E, Fy
t
S /l[:ﬂEtAH_l (1+lf)
18 Uj, 5 s s iy —i]
=5 Lt o A - BEA (1+zf—lf+z{):,BE)ltH(lf—zt]):/ltﬁ
t

t
H UH,t: —)ltWt

The FOCs can be summarized as

Uc_UD 1+is _UEl+iS_UF 1+is _—UH
P, P iS—-iP P, @S P iS-iF W,

=As=BE;[Ars1(1+ if)]

= Up 1+i5 Ugl+iS Up 1+i® 1 Uy APy
CUciS—-iP Uc iS5 UciS-if  UcWi/Py  Uc

167 cash-like CBDC is a perfect substitute for cash, which can be modeled by p = co. A universal CBDC (as in
Chiu and Davoodalhosseini (2023)) is a perfect substitute for cash and deposits: v = p = co.
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The money demand function for deposits and cash are given by

S _ (PtC[)%Q}J},
1+i5 ~ “Plbp, ) Pt
A (ptct)éog—},
1+iS UE Et
1 1
1-3 1-0\1°T 1-1 1-1\1-T
D v F, v v E, F,
whereQD,tE((Ptét) +%(T&) ) andQE,tE((Pt(t:t) e U:U_IEE(TE}) p) e
FOC for CBDC:
1 = wFD(Dt)%UD_i_wFE(Et)Zl’ Ug 1+is
~ \wp \F) Uc wp \FE) Uc)iS-if
1 1
w Dy\v ) E;\e
soiS—if = ﬂ(_t) (is—iD)+—FE(—t)0 S
wp \ F; wg \F;
LBt (P,;CI)%Qi—%er (Ptct)%Qé—},
1+iS FO\"F, ) bt TUFE\TER, ) <Br
For labor:
-1
1 o[-
w, -1 1w, - W, -1 1
yH? = AW,=—tC,"Xx"1 =—‘c" gf =—tc,7 Q)"
p pP - P
t t cl t
t
1 1 Wt
= Q UC;WH?:F
t
1
-1 1-7
Note that Q, = | XX :>XX,;:(Q—{)
c,m c/
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Demand for assets:

Demand for bonds:

P,
P

(1+l)

1.1 1.1
] g N
-1 -1 I
Ae = C,"PXX, " A= CHlPHlXX T A =BE [ A1 (1+i))]
1 E_ 1
/1t+1 . (XXt+1)1_ 7 (Ct+1)_5
= 1=0E 1+1i/)| =PBE
BE; ( ;)| =BE; XX, C,
1.1 n_ 1
C’.’Q¢ ceorop
— ﬁEt t1+]_1 l;l+1 t+1]. t (1+ if)
Cﬁ " lc_ﬁ P
1
Cit1) @ P
= Euler Eq: BE; (QHI) ( Hl) Lla+id)=1
Qt Ct PL‘+1

We have used a change of variables from XX to Q:

1,7
n
1 (D, /1P + “’FD(F /pyto \1-%
I 1+wp 1
| xx, v
Q = 1 - 1%
; ) -
C, (E, 1Py 0 +2EE Py e | 1oe
+wWEg 1,1
4
Ct
1
1 ey
1- i 1-n
(Dy/P) v+ “’FD(F 1P\ 13
l1+wp
Q: = 1%
_1 T 1
(E, 1Py e +SEE(F /Py 0 |10
+(1)E 1_1
c, ®
1
1 1_1] 1
Qt = 1+a)DQDt +(,UEQE .

88

(5.132)



Now, we derive similar equations for deposits, cash and CBDC:

Qis1\e ' (Crr1)7 Py | i$—iP
1 = BE |[=£ ik 1+ + L (1+i))
Q: Cy Pt+1_ 1+1i7
n_ _1 1 5
1 = BE Qii1)7 ' (Cri1) @ Py (1+iD)+ltS_l?
Q: Cy Py ! 1+i5
04 _1 ]
o C s P
1 = ﬁE[ Qt+l t+1 t (1+l£))
Q[ Ct Pt+1‘
11
v
(Ptcl‘);w ( Dy ) K wFD( Fy )1_% o
b ZFD
D; P:Cy wp \P:Ct
Therefore:
. Qr+1 o1 Cir1\ o Py . P:C; C T
Depositdemand: 1= SE; (1+zt)+wD( ) Q)
Q: Cy Py D, ’
n_4 _1 1
o (C o P P.C 1_
ash demand: = BE, +i7)+wEg QQ"
Q¢ Cy P E; '
4 _1
o C s P
CBDCdemand: 1= pE; Qi1 ad L+
Q: Cy P |
1 1
P,Cy\v i-1 P,Ci\e 1-1
+(1)FD( ;tt) QDytn'FwFE( It:tt) Qgt".
All equilibrium conditions of the full model with cash
.. Qr+1 el Cin1 7 P, .S
llliquid bond demand: ~ BE; (1+i7)=1
Qt C[ Pt+1 !
i5—iP 1 141
Deposit demand: L ; =wpVp Vip,"
1+ LOFD,
iv—ik 1 1,1
Cash demand: J St =0V Vg, "
1+1i; ’ ’
iS—if 1 _141 1 _1,1
. = v vy 0 e
CBDC demand: 1+i5 _wFDVF,tVFD,t +wFEVF,tVFE,t
t

Production: Y, = A,K*L!™®
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. K[ Pt 2
Market clearing: Y, =C;+ I; + — -1
2\Pi

Ki+1=by.

Kl’+l = Il’ + (1 - 6)Kt

Y,
Labor demand: W= pm:1— a)L—t
t

Y,
Capital demand: 1+ rf = a:pmtft +1-6
t

11
Labor supply: w; = Q; 7C/ 1//L(f

1+¢
t

(1-a)

6+r8Kk,  4-n 1
—’Ptht:—a =Q, "Cly

e—1
T_pmt

Optimal pricing:

ey, P P P P
ev, P ( t _1) _E, [AMH t+1 ( t+1 _1)]
K Pt—l Pl’—l Pt Pl’

Binding leverage constraint: D;=¥¢(M;+ pP;:by)

Bank FOCs: if_i?— ip—ip _if_Etrl,{S—l_(1+rK)Et(7rt+l—1)

1+i5  (1+i9)¢ (1+i5)p¢
where

PtCt

Velocity:V; ; = for Je {D,E,F}

t
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-1

-(1-3) Wrp -(1-3))1-F
Vep: = |Vp, " +_w VFt( o) |1
) p b
_1
(-3) , wee (=)
(Y ©
Veee = | Vg, w Vi
) g b
1
51 G-\
Qt = 1+wDVFD,t+wEVFE,t

Steady state equations with cash

Unknowns:

Output, consumption and labor: Y,C, L

Deposits, cash, CBDC and reserves balances: D, E, F, M

Real assets: b

K ;D

e Rates: i™,i
Note that the nominal and real interest rates are equal because the inflation rate is zero, i.e.,

i = rKand i” = rP. We now derive the steady state values:

. . e—1
Intermediate good price: Pm=—1,
€

lliquid bond demand: ~ B(1+i%) =1.

The price of the intermediate good is % in terms of the final good. This gives the markup of
E_il, which is simply due to the market power. We solve the model in four blocks below. This

solution method also reveals the transmission of monetary policy in the steady state.

Block 1: Given i™, we can solve for iX and i2:

iS—i? S-Sk (5.133)
1+iS  (1+i5)¢  (1+iS)pl’ '

S
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Block 2: Given i” from block 1 and i¥ = 0 and i from policy, we can pin down Vp, Vg and Vf:

iS—iP I
Deposit demand: Y =wpV3Q," ", (5.134)
iS—ijE 1 _1.1
Cash demand: 378 =wpVE Q. 7, (5.135)
lS_lF 1 _l+l 1 _l+l
CBDC demand: 145 :(UFDV;QDU "+wFEV1§’QE" K (5.136)

Note that Qp and Qp are functions of V;’s. We can then calculate Q.

Moreover, we have

1
b=K=-.
0

Block 3: Given iX (from block 1) and Q (from block 2), the following four equations pin down
Y,L,C and b:

Y = C+6K,
_e-1_ (iF+0)K P aY (5.157)
% e K44’ '
— AKaLl—a
_Y = UCO'
. Q Vi

We can now calculate Y as a function of C and K and then use the market clearing condition:

1o _e—1(1-a@)ATGK T
e-1 ad

Y=C+K—C=Y|1-——2|. (5.138)
€ i“+6

Given that K and C are now given in terms of Y from Equation (5.137) and Equation (5.138), we

obtain L)
(1+¢) 1 alre
prl_ @ mr (-a)Are (1) T
Yoo = 1 - (5.139)
1-1 -1 abd o (: 5=
pQi7 (1- L) (iK 4 5)

Log-linearization around the zero-inflation-rate steady state in the full model with cash

We generally use small-case letters for log-linearized form, i.e., ¢; is log-lin of C;.
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Definition of constants:

X = X —pforxeld,e f,m}
1

1 1_
R L]
a)pDVF VFD

B
wFDVFUVFD +0)FEVI§)VFE
—-(1-1
B = Ml
T 0D e 050
D top VF
-a1-14
(4
_ Ve
ﬂE = -1 _[ _l)
4 WEFE o
VE WE VF
M/P
a =
"7 MIP+pb
e-1Y
a__
ac=—,and @y = ———F 5
e xtl-
yi!
WpVpp
a]]E 1_ l_l’JE{D’E}
1+wDVI;’D +(1)EV;E

Derivations of log-linearized HHs’ FOCs:

We start with HHs’ FOC:

if — if L b b
) r _ v 0
FOC: 1+iS _wFDVF,tVFD,t+wFEVE,tVFE,t
t
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The LHS:

e (i) 1+
0} = log|—— |-
8 1+iy  1+35 B35 F 1+iS
S_:F S — S — (iF - iF) S_:F
i0—i i0—i i —i i0—i
log| +—1L = log|1+-L L I
g(zs—iF & iS—if iS—if
1+i3 oel1 iS—iS 1 (i -i5)(i5-iF) 0
= log|l+ ~
El1+:S & 1+iS | iS—iF (1+:9)

Note that the last approximation is due to the fact that (i} — i%) (iS — i¥) is a second-order term

while i f - if is a first-order one, so we can ignore the former against the latter. Therefore,

The RHS:
13 1 1.1
0 n e
a)FDV VFDt+wFEV VFEt
log ) R
wFDV V +a)FEVE V;Eg
~ aFD( VFr+(——— VFDt)+(1 aFD)( VE,t+(___)VFE,t
14 e n e
1 1 SN
= QFrD (Pt"‘ct ft) - == (ﬁD(Pt"‘Ct dt)"‘(l—ﬁp)(l)t‘i'ct—ft))

(%_%)(ﬁE(f)\t+Z‘}—é})+(1—,35)(ﬁt+6t_ﬁ)))
croft(-1)-90)
+(1- a’FD)( (%—é)(l_ﬂE))
1 1

n v

)

%)
~

1.
+(1—aFD)(5(pt+ - )+

d

(ﬁt+8t_ﬁ)

1

1
+05FD( )ﬁD(ﬁt+Ct dt)+(1 arp) (E—E)ﬁE(ﬁﬁ'@—eAt)

Therefore,
is—if 1, 1 1) —~ 1 1)
lg—i;_l E(pt"‘ct)_aFD(T_]__)ﬁDdt_(l_aFD)(ﬁ_E)ﬁEet
1- 1-
- aFD( Fp ﬁD)+(1 aD( P ﬁE) fi (5.140)
n n
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where we have used

1 1_
v n
wFDVF VFD

1
v

arp = 1 3d b
a)FDVFUVFD +wFEVEQVFE
V—(l—%)
— D
ﬁD B V_(l_%) (UFDV_(l_ll/)
D t o 'F
1
V_(I_E)
— E
Be = . ;
Dz
E WE F

V ~
Vie = log(%) =p;+¢C;— jifor Je{D, E}
J

Ver: = ﬁ,V],t+(l—ﬂ])VF,t:ﬂ,(ﬁﬁ@—ﬁ)+(1—/3])(ﬁt+5t—ﬁ) for J € {D, E}

Similarly, we can derive "money demand" for deposits and cash:

iy iy 1o +(1_1)‘7
5D = Vb o FD,t
= = [pera-@]+ (- [Bo(pre-@)+ a-p) (i~ 7))
v n
:S_:D
=iy 1. . (1-Bp Bp)+ (1 1 >
W—l = 5(]9[4—0[)—( ) +T dt— E—; (l_ﬁD)ft (5.141)
i 1 1 1)
. —VEi+|=—=|VFE:
l (Y n
1, . 1 1 PN N
= 5[pt+ t— t]+(5_5)[ﬁE(pt+Ct_et)+(1_ﬁ5)(pt+ct_ft)]_’
:S
s .. (l_ﬁE ﬁE)A (1 1) 73
Lol = Z(pe+e)-|—LE+ZE)e-|=-2]a- 5.142
S n(pz Cr) . el L Q( Bp) fe (5.142)

95



1
51\

Q; = (1+wD FDt+wEVFEt
G: = —(appVep,+apeViE,)

(app (ﬂDVD,t +(1-p6p) ‘7F,t) +agg (ﬁEVE.t +(1-Bp) VF,I))

1
n
1
n
l( “DD(:BD(ﬁt"‘Et_Jt)+(1_ﬁD)(ﬁt+3t—]?t)) )

N\ +ap (Bg(P+e—2)+ (- ) (P +2 - fi))

+appBpd; + appPre: )) OLL)

1
= —|(app+age) (p:+¢) - f
77( pp +agE) (Pr+C1) +[app1-Bp)+aps(l-Bp)] fi

where

1
(1)DV17

— FD
aQpp = ) Ty
1+wDVI;’ +wEV£’E
Vﬁ_1
AEg =

L
TI
1 +(1)DVFD +(1)EVFE

Now we log-linearize the Euler equation for illiquid bond demand:

5, (Qm) (cm)—% Pl =)

Q¢ Cy Pt 1+iS

n ls ls
(Z-1)(Eildin1])-) - = Eileal =60 - Ei[pen] + g = 0
(g—l)(Et[cA/m]—@)—;(Et[am—a)—Et[Aﬁm]+ﬁit+ﬁ—1 = 0

G = ErlErr) =0 (81§~ E4[Apros] +p=1) (o =) (E: [0t ] -7

Log-lin of Philips curve:
_1
Using x; = x(1+X;), we can write A; ;41 = ,6(1+At+1) and Ay 41 = IBU&”? = ﬁ(%) 7,80 Ay =
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1/~ ~
—2(Cr41—0Cy).
,7( t+1— Ct)

I .
E; [At,t+17ft+1] =E; [At,t+1ﬂt+1] ~ E; [,3(1 - 5 (Cre1—CTry1 | = Ey [ﬁﬂtﬂ]

We have
e—-1 €Yy P ( Py ) [ Pty (Pt+1 )]
—_— —+ -1l = E{|A -1
c Pmi P, \P,, t| e+ P, P,
e—1 N N R N N
T‘pm(l"'Pmt) €Y(1+J/t)+7<(1+ﬂt)ﬂt = KEt[At,t+1(1+7ft+1)7ft+1]
~ (e-1Y _ ~
Ty = Pme+ BE; [T 11] (5.143)

where we used the following notation: 7, = Ap; = log %.

Rest of equations:

Y, = AKALY Y - g =ak,+ (1 -a) ],

K[ P 2 ~ ~ ~
Yt:C[+I[+—( —1) —’yt:acct+(l—ac)lt (5144)
2P

kt+1 = bt

Kt:It+(].—6)Kt—’7C\t+1 :62}4‘(1—5)7(:\1-
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Y, . R o~
wy = Pmt(l—a)L—t—’Wt:Pmt"'J’t—lt
t

P Y; rk—rk -
1+r; = apmt—K +1-6— S :ay(pmt+J/t_kt) (5.145)
t

1-1 1 ®
wy = Q, *C/yH,
~ 1 =
w;,; = (l—ﬂ)qt+—ct+(plt
o o

+appBpd; + appPré;
+[app - Bp) +ape(l-Bp)] fr

g—n ~ o~
o ((aDD age) (Pr+¢)

1
)) + —C; £5pl46)
o

where

ac

Il
<10

[
|

|
—_ ==

ay

|
==

Note that rX = ;X because inflation is zero in the SS.

We have also used labor market clearing condition H; = L;.

Summary of log-linearized equations with cash:

Define X = X; — p; for xe {d, e, f, m}.

Parameters arp, B, @m, &, ay and ayy for J € {D, E} are all constants and defined in the ap-

pendix. Also define 77; = Ap,. We have the following log-lin equations.

Here is the summary of log-linearized version of equilibrium conditions:

Euler equation: &; = E; [¢141] — 0 (Bi} — E¢ [Rr1] + B—1) + (0 —n) (Bt [Ges1] - G:)  (5.147)

CBDC demand: z’z:ig -1= %@ —agp (% - %}) Bpd—(1—-arp) (% - é) Bre
~ e (B2 +L2) + (1 - app) (FL2 4 B2 | F (5.148)
Deposit demand: %5 —1= o (FLe+fe)d-(-L+ Y a-ppf 5149
Cash demand: i—g— = %At—(l_QﬁE +%) e— (_é"‘%)(l_ﬁﬁf (5.150)



Bank equations:

S K
iy —Erpg—(1+r

Philips curve:

The rest of the equations:

ip —ip =07 (i7 - 1)
S—
t

E¢[#1] = p (i —iM)

K) i

d= amﬁz+(1—am)5t

e-1Y _ N
Pmt+ BE; [T 141]

ﬁt:

Of/]Et'F(].—(X)/l\t
acti+(1-an)i;
b,
52}+(1—5)Et+2t+1
ﬁmt"‘j/\t_/l\t
ay(ﬁmt"'j?t_/k\:t)"‘gﬁl

ny. 1. ~
1-—=|g:+—Cr+ ol
( O')qt act Ply

(app + aEE) C;

_( +aDDﬁDJ+aEEﬁE§
+ [a’DD(1 - PBp) +age(l _,BE)] I

S|~
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(5.152)
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(5.154)

(5.155)
(5.156)
(5.157)
(5.158)
(5.159)

(5.160)

(5.161)
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G Special cases of the model

Now consider the general model with cash. Within this general model, we discuss some special
cases that have been studied in the literature before: the no-CBDC case, a cash-like CBDC and
a deposit-like CBDC. The goal is to show how this model can easily nest other models in the

literature.

Special case: No CBDC
Here, we assume wrp = wrg = 0. The optimality conditions are modified to

Denosit iS— P PtCt)%
eposits =w ,
P 1+i5 P\ D,
is P,C\7
n
Cash : - :wE( L t) ,
1+iS E;
where
_ D; _ E;
= Vil= ) =y l=—"
QD,t D,t P[C[ QE t Et Ptct
~(-3 ) =
Qt = 1+a)DVD,t +wEVE’t

This case nests Piazzesi et al.’s (2019) description of households. However, our description is

still more general because not only deposits but also cash provides liquidity services here.

Specialcase:p=v=n

In this case, agents have the love-of-variety feature in their means of payments, and the elastic-
ity of consumption with respect to different means of payments are identical. The introduction
of a CBDC here just enriches the set of means of payments that agents have available. The

optimal conditions here imply that

iS—iP P.C/\i . o

PWE = a)D( z ) with equality if D; >0 (5.163)
is PCi\T .

WE = wE( B, ) with equality if E; >0 (5.164)

iS—if P.C\1 .

1239 (wpD+wa)( F, ) with equality if F; >0 (5.165)

Here, the demand for different means of payments are not inter-related. The opportunity cost

of each means of payment pins down the velocity and demand for that. This is true even if
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the utility function is not separable. The effect of non-separability will be reflected in the labor

supply equation.

CBDC is a perfect substitute for deposits: v = co

Here, we study a CBDC that is a perfect substitute for bank deposits, i.e, v = co. It is similar

to a deposit-like CBDC which has been discussed in the literature, but also offers some degree

. . . . . . D[+—wFD F;
of substitution with cash.!” In this case, Qp,: is modified to Qp,; =V, 1t + %VI; tl = T‘g

Therefore, the optimality conditions imply

1

D " iS—iP P,C, n
eposi1ts: — =Wp| T
p D;+ —“;}F[’f F,

1
PCe ", (Ptct)% b
D, +2np | T B

Cash: =Wgp

1+iS

assuming that the CBDC is used in equilibrium. One can divide the second optimality condition
by the first to obtain an equation for the opportunity cost of holding CBDC relative to that of
deposits. For simplicity, assume p = 1, then we have

i?—i" wgp-wp wrg(D; wrp 7
iS—iD wp ’ () (E E)

This equation implies that the wedge between the interest rate of this type of CBDC and de-

posits depends on the relative usefulness of CBDC in deposit transactions as well as the lig-

uidity service it provides in cash transactions. This equation is especially useful because it is a

function of the relative quantity of deposits and CBDC and does not depend on the quantity of

cash used in transactions (which is a direct implication of p = 7).

Finally, in a special case where CBDC can be used in exactly the same set of transactions as

deposits with the same importance, wrp = wp, we will have ;P > if. The central bank pays less
interest on CBDC compared with bank deposits as long as CBDC provides liquidity not only to

deposit transactions but also in some transactions where cash can currently be used.

CBDC s a perfect substitute for cash: p = co
Here we study a CBDC that is a perfect substitute for cash, i.e, p = co. It is similar to the cash-like

CBDC discussed in the literature but also offers some degree of substitution with deposits. In

17A solely deposit-like CBDC would require wrg = 0.
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this case, the optimality conditions imply:

.S 1
. l A .
Cash: T35 szQE,twuh eqif E; >0,
S _+F 1y 1
i°—1 PCi\v o7 -7
CBDC: 1139 szD( ; [) Qp [n +wFEQE"tWitheqifF[>O.
l [ ’ )

If cash and CBDC are both used in equilibrium, then:

—if l (P,Ct

1
= 1
! Lo
TS = (wrp—wE) Qp ; + WFD E, ) Qp,: -

Note, for example, that when wrr = wp, a positive interest on CBDC (i =0 implies that cash
will be out of circulation as it is strictly dominated by CBDC. In general, the higher the difference
wrg—wg or the higher the usefulness of CBDC in other transactions (higher wgp), the lower the
CBDC rate can go.

Now we analyze the steady state of various special cases.

The zero inflation rate steady state with an endogenous quantity of reserves

Special case whenn =0 =1. AsiM goes up, iX goes up too.

We first assume g =1and 6 = 0, for simplicity. An increase in i makes loans more expensive
for firms, so output goes down. However, notice that because g =1, the payment side does not
have any effects on the opportunity cost of lending and on deposit rates because they are both

determined only by cost of reserves.

Notice that in this case, if CBDC and deposits are substitutes to some extent, as i F goes down,
then D goes down too, and at some point, D/P goes less than £pb, at which point M = 0 will
be binding. This means that banks cannot attract enough deposits to raise resources for their

lending.

Altogether, when g = 1, the disintermediation channel does not operate in this model and the
lending side is separated from the deposit side given that the reserve requirement is binding

and the interest on CBDC is low enough.

Result: When o = 77, the output depends only on interest on reserves, i (and not on the

interest on CBDC i"), and i* only determines the quantity of real balances demanded.
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Special case when p =v =1.

FOCs:

where wr = wrp + wrg. Hence, Q is given by

Q

Result:

ls—iD 1
Deposit demand: =wpV/
P 1+i5 " P°D
ZS—iE 1
Cash demand: =wgV,)
1+1iS EYE
S—iF 1
CBDC demand: =wpV,!
1+ OF
51 i 1\
= 1+wDVFD +(1)EV )
1_ 1y 1 lln
= 1+(1)DVW +a)EV" +(1)FVFU

1+Za)

—l] 1-n ln
1+15)

In this special case, we can calculate Q in a closed form. Rewrite

(5.166)

(5.167)

(5.168)

(5.169)

e When o # 1, the output depends on policy from two channels. First, Y is a function of iX

directly and iX is determined by i™. Second, Y is a function of Q, which depends on the

CBDC rate (as a decreasing function) and also depends on i”, which is again determined

by iM

More specifically, when o > 7, there is complementarity between consumption and other

means of payments. Paying more interest on CBDC decreases Q and increases Y.

Note that in this case (p = v = 1), we do not see the disintermediation channel because

CBDC is not a perfect substitute for deposits.

Another special case: CBDC and deposits are perfect substitutes: v = oo, wp = wrp and wpg =

0
is—iP P
Deposit and CBDC demand: =wpV,,=
P 145 PUEDT LS
S—iE 1 1,1
. — (% o n
Cash demand: TS wgVyg Vg
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pC

-1
Vep = (Vi'+Vvil) =
FD Vo' +Ve') =5—F
VrE = Vg
1
1 L 1\
Q = 1+wDV;D +wEVbi’

In this case, interest on deposits is pinned down by i M on the one hand. On the other hand, it

is determined by the CBDC interest rate.
More specifically, for a given i™:
e If i¥ > iP, bank cannot raise deposits. Therefore, i” = if.
e If i¥ < iP, demand for CBDC is zero and CBDC is not used.

e If iP? = i then agents are indifferent between CBDC and deposits.

For a given i’ the maximum deposit demand is given by

PC _ PC
Vep B ( iS—iF )77'
wD(1+iS)

e If i implies an i? strictly lower than if, then banks cannot raise deposits, implying that
production cannot take place, which is not possible. This means our initial assumption
that banks hold reserves is violated. In this case, banks increase their rate to it to compete
with CBDC and be able to raise deposits. They don’t invest in reserves because their rate
is too low. (They would have borrowed reserves if we had allowed them). In this case,

S_iD S_;F iS_l'K iS—iM

—iD _ iS_iF . . .
TS = 1S T (apl < (97 The CBDC interest rate is the floor for deposit rates.

(This case is close to Keister and Sanches (2023)).

i

M D

* In the knife-edge case, i exactly equal to i. In this case, agents are indif-

ferent between the CBDC and deposits.

implies an i

e If i™ implies an i” higher than i¥, then the CBDC is not used.

The zero inflation rate steady state with a fixed quantity of reserves
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The only difference is that here i™ is endogenous and M/P (real supply of reserves) is exoge-

nous and set by the policy.
Endogenous variables:
e Price level, output and consumption and labor: Y,C, L
e Nominal balances: D, E
* Real assets: b
M ;K ;D

e Rates: i'™,i%, 1

Policy tools: M/P, it

M

We follow the same three steps as before. However, since we do not know i, we have to start

with a guess for i™ and then solve for a fixed point. More specifically:

« Start with a guess for i™ and derive the value for M/P (demand for reserves) by solving
the three blocks in the previous subsection. That is, for the given i, start from Block 1
and follow the same steps summarized in Equations (5.1) to (5.5) and derive M/P from

(5.5). Call it m, which is the demand for reserves.

e If my is higher than the exogenous M/P set by the policy, we have to decrease i in the

next iteration; otherwise, we have to increase i.

« Continue this until we converge and get the value for i™.

Note that a higher i means that banks receive more benefits for reserves, so their demand for

reserves goes up.
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