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Abstract

Statistical inference-both estimation and testing—for stochastic volatility (SV) models is
known to be challenging and computationally demanding. We propose simple and efficient
estimators for SV models with conditionally heavy-tailed error distributions, particularly the
Student’s t and Generalized Exponential Distributions (GED). The estimators rely on a small set
of moment conditions derived from ARMA-type representations of SV models, with an option to
apply “winsorization” to improve stability and finite-sample performance. Except for the degrees-
of-freedom parameter, closed-form expressions are available for all other parameters—extending
Ahsan and Dufour (2019, 2021)-thus eliminating the need for numerical optimization or initial
values. We derive the estimators’ asymptotic distribution and show that, due to their analytical
tractability, they support reliable-and even exact—simulation-based inference via Monte Carlo or
bootstrap methods. We assess their performance through extensive simulations and demonstrate
their practical relevance in financial return data, which strongly reject the normality assumption
in favor of heavy-tailed models.
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distribution.
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Résumé

L’inférence statistique — tant pour lestimation que pour les tests — dans les modéles de
volatilité stochastique (SV) est reconnue comme étant complexe et exigeante sur le plan compu-
tationnel. Nous proposons des estimateurs simples et efficaces pour les modeéles SV avec distribu-
tions d’erreurs conditionnellement a queues épaisses, notamment les distributions de Student-¢
et exponentielle généralisée (GED). Les estimateurs reposent sur un petit nombre de conditions
de moments dérivées des représentations de type ARMA des modéles SV, avec la possibilité
d’appliquer une «winsorisation» afin d’améliorer la stabilité et la performance en petits échan-
tillons. A I'exception du paramétre de degrés de liberté, des expressions en forme fermée sont
disponibles pour tous les autres parameétres — prolongeant ainsi Ahsan and Dufour (2019, 2021)
— ce qui élimine le besoin d’optimisation numérique ou de valeurs initiales. Nous dérivons la dis-
tribution asymptotique des estimateurs et montrons que, grace & leur simplicité analytique, ils
permettent une inférence fiable — voire exacte — fondée sur des méthodes de simulation de type
Monte Carlo ou bootstrap. Nous évaluons leurs performances & ’aide de simulations extensives
et démontrons leur pertinence empirique sur des données de rendements financiers, qui rejettent
fortement I’hypothése de normalité en faveur de modeéles & queues épaisses.



1 Introduction

The statistical inference (estimation and testing) for stochastic volatility (SV) models is challenging
and computationally expensive. We propose simple and efficient estimators for SV specifications
with heavy-tailed distributions, especially the Student’s ¢-distribution and the distribution (GED).
The proposed class of estimators is based on a small set of moment equations derived from ARMA
representations associated with these models, with the option of using model averaging to improve
stability and efficiency. Except for the degrees of freedom parameter, closed-form expressions for all
other parameters are derived, requiring neither numerical optimization nor choice of initial values.
For the degrees of freedom parameter, we assume the innovation distribution belongs to a specific
class (Student-t or GED) and estimate its shape parameter through a profiling step. We develop the
asymptotic distributional theory of the proposed estimators for the degrees of freedom parameter,
and simulation studies confirm that these simple estimators perform well in practice in terms of
precision.

Stochastic volatility models are widely used to describe time-varying variance in asset returns,
which is crucial for asset pricing, risk management, and portfolio selection.! Proposed estimation
methods for SV models include the generalized method of moments (GMM) [Melino and Turnbull
(1990), Andersen and Sgrensen (1996)]; quasi-maximum likelihood (QML) [Nelson (1988), Harvey
et al. (1994), Ruiz (1994)]; the simulated method of moments (SMM) |Gallant and Tauchen (1996),
Monfardini (1998), Andersen et al. (1999)]; Monte Carlo likelihood (MCL) [Sandmann and Koopman
(1998)]; simulated maximum likelihood (SML) [Danielsson and Richard (1993), Danielsson (1994),
Durham (2006, 2007), Richard and Zhang (2007)]; linear representation (LiR) methods [Francq and
Zakoian (2006)]; methods based on Bayesian Markov Chain Monte Carlo (MCMC) [Jacquier et al.
(1994), Kim et al. (1998), Chib et al. (2002), Flury and Shephard (2011)]; closed-form moment-
based estimator (DV) [Dufour and Valéry (2006, 2009)| and winsorized ARMA (WARMA) estimator
[Ahsan and Dufour (2019, 2021); Ahsan et al. (2025a); Ahsan and Dufour (2025); Ahsan et al.
(2025b).

The above estimation procedures are computationally expensive and/or statistically inefficient.
SML, MCL, SMM, and Bayesian MCMC estimators are computationally expensive, inflexible across
models, and may converge quite slowly [see Broto and Ruiz (2004)], while QML, GMM, LiR, and

DV estimators are inefficient. The only exception is the WARMA estimator of Ahsan and Dufour

!See Ghysels et al. (1996), Broto and Ruiz (2004), and Shephard (2005) for reviews of the literature.



(2019) and others, which is analytically tractable, computationally simple, and extremely efficient,
especially when compared with the Bayesian estimator [see Ahsan and Dufour (2021)].

First, we derive a system of autocovariances from the ARMA-type representations of SV models,
yielding closed-form estimators for the volatility process parameters. These can be computed using
only sample autocovariances, requiring no numerical optimization or initial value selection. These
simple ARMA-SV estimators were first proposed in Ahsan and Dufour (2019). In particular, the
persistence parameter ¢ is obtained through a simple ratio of autocovariances. Crucially, in this
paper we extend this framework to handle heavy-tailed error distributions by incorporating the
degrees of freedom parameter v, which plays a key role in modeling non-Gaussian behavior—a novel
and central contribution of this paper.

Second, to improve small-sample performance and enforce stationarity, we propose winsorized
versions of the simple ARMA-SV estimators (W-ARMA-SV'), continuing the tradition of Ahsan
and Dufour (2019). These combine several autocovariance-based ratios through robust weighting
schemes, including the median, weighted averages, and an OLS-based scheme. The latter, in par-
ticular, offers strong empirical performance. Winsorization reduces sensitivity to outliers while
preserving computational simplicity and efficiency.

Third, the analytical simplicity of the proposed estimators makes them particularly well-suited
for constructing simulation-based hypothesis tests. In particular, they facilitate the implementation
of exact Monte Carlo (MC) tests in the spirit of Dufour (2006). This avoids reliance on poten-
tially invalid asymptotic approximations and provides level-correct inference—even in borderline or
nonstationary settings, such as when the latent volatility process is nearly a unit root.

Fourth, we formally establish the asymptotic properties of our estimators. Under standard
regularity conditions (e.g., existence of fourth moments), we show that the estimators are VT-
consistent and asymptotically normal. These results hold at least for linearly winsorized versions of
the estimators.

Fifth, we conduct extensive Monte Carlo simulations to evaluate the performance of our estima-
tors in terms of bias and RMSE. We highlight four key findings: (1) the OLS-type W-ARMA-SV
estimators consistently perform well across all designs considered; (2) even with small samples and
heavy tails, the proposed estimators remain highly precise and robust; (3) estimation of v is espe-
cially precise in the GED case, but becomes more challenging, yet still effective, as it approaches
the Gaussian limit in the Student-t setting; and (4) computational speed is orders of magnitude

faster than simulation-based methods, making these estimators attractive for large-scale or real-time



applications.

Sixth, we evaluate the performance of LR-type hypothesis tests for normality and heavy tails,
constructed using the proposed estimators. We consider three testing procedures: (1) asymptotic
chi-squared inference, (2) local Monte Carlo tests (LMC), and (3) Maximized Monte Carlo tests
(MMC). We find that the asymptotic tests often suffer from size distortions, especially under mod-
erate persistence. In contrast, the LMC and MMC procedures provide accurate level control and
exhibit strong power, even in challenging settings.

Seventh, we apply the proposed estimators and tests to daily returns of three major U.S. stock
indices (S&P 500, DOW Jones, NASDAQ) spanning over two decades. We find strong evidence
of heavy tails and persistent volatility in all series. The Monte Carlo-based tests reliably reject
normality and, in some cases, suggest moderate but significant deviations from extreme heavy-
tailed behavior. These results highlight the empirical relevance and practical value of the proposed
framework for modeling and testing volatility in financial time series.

This paper is organized as follows. Section 2 introduces the model, assumptions, and under-
lying motivation. Section 3 describes the proposed estimators in detail. Section 4 develops their
asymptotic distribution. Section 5 presents the LR-type tests for distributional assumptions. Sec-
tion 6 reports simulation results for both estimation and testing. Section 7 provides an empirical
application to equity return data. We conclude in Section 8, and technical proofs are provided in

the appendix.

2 Simple estimators for stochastic volatility model

2.1 Stochastic volatility model and ARMA representation

We consider a standard discrete-time stochastic volatility (SV) model of the type described by Taylor
(1986) and Ghysels et al. (1996). Specifically, we say that a variable y; follows a discrete-time SV
process if it satisfies the following assumption, where t € Ny and Ny represents the non-negative

integers.

Assumption 2.1 Stochastic volatility model.



The process {y: : t € No} satisfies the equations

w
Yt = 0y €Xp (?t) Ut, (1)

wy = pwi_1 + opvy, v~ N(0,1), (2)

where |¢| < 1, and wg ~ N (O, o2/(1— ¢2)). The parameters ¢, oy, and o, are fived with o, > 0
and o, > 0. The innovation sequence {u} is i.i.d., independent of {v:}, with mean zero and unit
variance. It is assumed that u; follows a symmetric distribution such as Student-t or GED, with
additional moment conditions imposed as needed.

Note also that the root of the characteristic equation of the volatility process wy,

lies outside the unit circle (|z| > 1); that is, ¢(z) # 0 for all |z] < 1.

Under the latter part of this assumption, the process y; is strictly stationary since it depends on
the strictly stationary latent process w; and an i.i.d. innovation u; that is independent of w;. This
model consists of two stochastic processes: y; captures the dynamics of the observable variable, while
wy := log(c?) governs the dynamics of the latent log-volatility.? The process w; can be interpreted
as a random flow of uncertainty shocks or information, and ¢ captures the persistence of volatility
dynamics.

We focus on an SV(1) specification — an AR(1) process as in equation (2) — to emphasize the role
of alternative distributional assumptions in contrast to previous ARMA-based estimators. However,
it is straightforward to extend the approach to higher-order SV(p) models, as described in Ahsan
and Dufour (2021) and Ahsan et al. (2025a). Accordingly, we begin with a brief review of the
estimators under the assumption of Gaussianity, as presented in Ahsan and Dufour (2019) for the

SV(1) specification.

Assumption 2.2 Gaussian error.

The error uy is i.i.d. according to a N[0, 1] distribution.

The SV model given in Assumptions 2.1-2.2 can be written in state-space form (see Ahsan and

%In financial applications, the y;’s can be residual returns, defined as y; := r¢—pu, with r; := 100[log(p;)—log(p:—1)],
where g, is the mean return and p; is the asset price. In macroeconomic applications, y; may represent regression
residuals, as in Jurado et al. (2015).



Dufour (2019)):

State Transition Equation: w; = o¢w;_1 + vy, (3)

Measurement Equation: y; = wi+ ¢, (4)

where

yi =log(y;) —p, p:=Ellog(y?)] =log(o;) + Ellog(u7)], € :=log(u;) — Eflog(uf)], (5)

with E[log(u?)] = log(2) + ¥(1/2) ~ —1.2704, and the v;’s are i.i.d. N(0,02) and the €’s are i.i.d.
log(x?) with mean zero and o2 = 72/2. 3

The state-space model given in (3)—(4) has an ARMA(1, 1) representation given by:

Yi = oY +m — O (6)

with 1 — 0m—1 = v + € — ¢pei—1, where the error processes {v;} and {¢;} are mutually independent,
the errors v; are i.i.d. N(0,02), and the errors ¢ are i.i.d. according to the distribution of a log(x?)

random variable.

2.2 Closed-form ARMA-SV estimators

Ahsan and Dufour (2019) showed that y; defined in (5) has the following autocovariances

¢y (k—1)+02+02, ifk=0,
cov(yys Yi—r) =Yy (k) = § ¢y, (k — 1) — ¢, ifk=1, (7)

Oy (k —1), if k> 2.
and the above autocovariances yield the following closed-form expressions for SV parameters:

7y*<k + 1)

¢ = e () for k> 1, (8)
op = explu—pa], (9)
op = (1= ¢%)[r-(0) - (z°/2)], (10)

3For further discussion of this representation, see Nelson (1988), Harvey et al. (1994), Ruiz (1994), Shephard
(1994), Breidt and Carriquiry (1996), Harvey and Shephard (1996), Kim et al. (1998), Sandmann and Koopman
(1998), Steel (1998), Chib et al. (2002), Knight et al. (2002), Francq and Zakoian (2006), Omori et al. (2007).



where v+ (k) = cov(y;,y;_,), with y; and p defined in (5), and ps := Eflog(u?)] ~ —1.2704.
From (8), we see that ¢ can be obtained from several autocovariance ratios, which can be easily

estimated with the corresponding empirical moments:

| Tk L T
Yy (k) = Tk Zﬂog(yf) — illlog(yiy) — A, = T Zlog(yf) : (11)
t=1 t=1

Of these, the ratio v,+(2)/7y+(1) is the one for which we can use the largest number of observations.

This suggests the simple ARMA-SV estimators:

62 = oxp(fi + 1.2704), 62 = (1 - §)[3,-(0) — (x*/2)] . (12)

3 Simple estimators for different SV specifications

In the previous section, we discussed closed-form estimation for the log-normal SV model. However,
several alternative SV specifications have been proposed in the literature to better capture empirical
stylized facts—most notably, heavy-tailed return innovations. In this section, we extend the simple
W-ARMA estimation approach of Ahsan and Dufour (2019, 2021) to models with heavy-tailed

distributions.

3.1 Almost closed estimators for SV models with heavy-tailed distributions

We now assume that the innovations u; follow a non-Gaussian distribution, i.e., u; ~ f(u), where
f(u) is a heavy-tailed distribution. The state-space representation (equations (3)—(5)) remains valid

under this more general assumption. Using the autocovariances 7,«(k) defined in (7), which can be

2

estimated directly from the data, we can still solve for ¢, 02, and 2 using (8) and

62 _ Py (0); ’Yy*(l) : (13)

g

o =y (1) — ¢yy=(0) — 02 . (14)

and thus obtain estimators for these parameters. That is, the Gaussian assumption is not required
for these results, and both regularization and winsorization, which we discuss in more detail below,
remain applicable in this setting.

However, the expression for log u? will differ depending on the specific distributional assumption



imposed on uy.

3.1.1 SV model with student-t distributed error

Assumption 3.1 Student-t distributed error.

The error u; is an i.i.d. t distributed random variable with v degrees of freedom.

The t(v)-distributed random variable u; can be expressed as us = A, 1/ 2zt, where z; ~ N(0,1) and
v is distributed independently of z; as a chi-squared variable with v degrees of freedom, i.e.,

At ~ X2 /v (see Rice and Rice (2007)). Taking the logarithm of u? yields:
log u? = log 22 — log A\ (15)

Lemma 3.1 Cumulants and central moments of the log x2 /v random variable.
Let v\ ~ X2 be a chi-square variate with v degrees of freedom. Then the cumulants (k) and

central moments (fiy,) of log X are given by

w(3) ~lox(5). ifm=1
pm=D (L), ifm>1

Rm =

0, ifm=1
,UJm = ’
Km 4 2 geis (" ) ki, ifm>1

where 1(z) and "™ (2) are the digamma and polygamma function of order m.

From Lemma 3.1, the mean and variance of log z? and log \; are

E(log 27) = ¢(1/2) + log(2), Var(log ) = 4 (1/2),

E(log At) = ¢ (v/2) — log(v/2), Var(log Ar) = 1V (v/2),
Consequently, the mean and variance of logu? are

E(logu7) = ¥(1/2) — 1b(v/2) + log(v), Var(logu?) = v (1/2) + vV (v/2).



The above expressions yield the following expressions for SV-t parameters:

7y*(k + 1) or
6 = L for k> 1, (17)
oy = explu—(1/2) +1(v/2) —log(v)], (18)
op = (1=¢")hy (0) =9V (1/2) — oV (w/2)], (19)

where v« (k) = cov(y/, y;_;), with y} and p defined in (5), and v can be obtained from the following

optimization problem:

i i £ (0 (3) 400 () =00+ 220} 0

where R is the set of positive real numbers numbers.

3.1.2 SV model with GED distributed error

Assumption 3.2 Stochastic volatility model with Generalized Exponential Distribution (GED).
The process {y; : t € No} satisfies the equations

Yt = 0y exp(?)ut, ut ~ GED(v), (21)
wy = dwi—1 + oy, v~ N(0, 1), (22)

where |¢| < 1 and wo ~ N[0,02/(1 — ¢?)], while ¢, o, and o, are fived parameters. The probability

density function of Uy is given by

vexp{ — (1/2)[u/ ()"}
A(v)21H1/vT(1/v)

fu(a) = , v>0, u€eR, (23)

1/2

where \(v) = {2*2/”F(1/1/)/F(3/1/)} and T'(z) denotes the gamma function.

We assume that u; follows a standardized Generalized Exponential Distribution (GED), u; ~
GED(v), with E[i;] = 0, E[a?] = 1, and E[a}] < oo for all & > 0. The GED includes the nor-
mal distribution as a special case when v = 2, and the double exponential distribution when v =1,

but allows for heavier tails when v < 2.4 It is infinitely differentiable in v, except at the point % = 0.

4The Generalized Exponential Distribution (GED) is sometimes referred to as the exponential power distribution
(EPD) or the Subbotin distribution, after Subbotin (1923), who introduced the family.



The reason why the GED family of distributions could be an attractive alternative is because it in-
cludes the normal as an special case, and also includes distributions with thinner and fatter tails

than the normal.

Lemma 3.2 Cumulants and central moments of the log squared GED random variable.
Let a random variable u; have GED with parameter v > 0. Then the cumulants (ky,) and central

moments (fim,) of log(@?) are given by

2(8) +10g T3] —1oe [ @)] irm=1

Km =
(2)" eV, ifm>1
(24)
R 0, ifm=1
Hm = )
Ko+ 25 (" megity,  ifm > 1
where (z) and "™ (2) are the digamma and polygamma function of order m.
From Lemma 3.2, the mean and variance of log @7 are
2 (1 1 3 2 ? 1
E(logu?) = = <) +log |T <>] —log [F ()] , Var(logu?) = <> pM ()
v \v v v v v
The above expressions yield the following expressions for SVgep parameters:
(k41
6 = 77y(+), for k> 1, (25)
Yy (k)

9
Il

b )
2
02 = (- w(@)—(i) w“)(i) , (27)

where v, (k) = cov(y/, y;_;), with yf and p defined in (5), and v can be obtained from the following

optimization problem:

v i=arg min ((3)21/,(1) (i) — 5y (0) + %;;(D)z 7 (28)




where R is the set of positive real numbers numbers.

3.2 Winsorized estimator

A shortcoming of the above simple ARMA-type estimator is that it can yield inadmissible parameter

)
of outliers. To increase stability and efficiency, Ahsan and Dufour (2019, 2021) proposed to use

values, e.g. with > 1. This issue can arise especially in small samples or in the presence

“winsorization” technique, which exploits the following relationship between the volatility persistence

parameter ¢ and covariances of the process, y;:

oo .

Yy (3 + 1)

b= w et (29)
; 7 ()

for any w; sequence with Z;’il w; = 1. It is easy to see that the above relationship follows from

(8). This suggests a more general class of estimators for ¢ can be obtained by averaging several

sample analogs of the ratios v« (j + 1)/ (4):
J .
- . 1
5= w0t (30)

where 1 < J < T —2 with 23.7:1 w; = 1, and 7' is the length of the time series. We call such estima-
tors winsorized ARMA-SV estimators (or W-ARMA-SV estimators). Other (possibly nonlinear)
averaging methods, such as the median, may also be used.

In simulations and empirical applications, Ahsan and Dufour (2019) find that an equal-weighted
OLS-based winsorized estimator works remarkably well. The (QASO Ls) estimate is as follows:

dors=(a'a)'a'e (31)

where @ = ['Ayy*(l)w}/Q, e ,ﬁy*(J)wi/z]’ and € = [Jy» (2)w}/2, co Ay (T + l)w},/z}’ with w; = 1/J.

A simplified expression is as follows:

E}‘le Yy (3) Ay (5 + 1)
Zj:1 'AYy* (3)2 .

doLs =

When J = 1, the above expression yields the simple ARMA-SV estimator ¢ = Ay (2) /Ay (1).

For the remainder of the paper, we focus on the OLS-based winsorized estimator for both the

10



simulation and empirical results, and report outcomes for different values of J when relevant. For
a detailed discussion of alternative winsorization methods and weighting schemes, we refer readers

to Ahsan and Dufour (2019, 2021) and the references therein.

4 Asymptotic distributional theory

In this section, we derive the asymptotic distribution of the estimator for the degrees of freedom
parameter v, which governs the tail behavior of the innovation distribution in our heavy-tailed
stochastic volatility (SV) models.

We do not repeat the asymptotic theory for the volatility persistence parameter ¢ or the scale
parameters o, and o,, as those results are already established in Ahsan et al. (2025a). Instead, the
focus here is on the novel asymptotic properties of v, whose estimation requires a distinct approach
due to its implicit definition via moment-based profiling-type estimation.

Recall from Section 2 that v is estimated by solving a nonlinear sample moment condition,
derived from the identification condition of the variance of the transformed observation equation.

Specifically, for the Student-t case, the estimator  is defined as

1= arg min {fﬁf(y) = <¢<1) (;) + (g) — 4,4 (0) + ﬁy*(1)>2} 7 (33)

where 4y+(k) denotes the sample autocovariance of y; = log(y?) — fi at lag k, and gﬁ is a consistent
estimator of the persistence parameter.

We begin by stating the assumptions required for identification and inference.

Assumption 4.1 Moment condition identification for SV-t.

Define the population moment function

£ = O (1) + D () 3y (0) + ;w(l),

where vy« (h) := Cov(y;,y;_;,) is the autocovariance function of the transformed process. We assume:
o (A1) f54v) is continuously differentiable on an open neighborhood N' C (4,00) containing vo,
o (A2) 51 (v) = 0 has a unique solution at v = vy € N,

o (A3) 0f5(v)/ov|,_, #0.

11



Assumption 4.2 Fourth moment condition for SV-t.
e (B1) E[log(u?)*] < oo, which holds if and only if v > 4,

e (B2) The long-run variance

s finite and strictly positive.

A similar profiling-type approach is used for the GED case, namely,

ey Lm0 = (200 () s 2O L

where the moment condition is derived from the expression for Var[logu?] under GED errors.

Assumption 4.3 Moment condition identification for SV-GED.

Define the population moment function

72w = (2) 00 (1) -0+ S,

where vy« (h) := Cov(yf,y;_;). We assume:

e (C1) f9€P(v) is continuously differentiable on an open neighborhood N C (0,00) containing

10,
e (C2) 9P (v) = 0 has a unique solution at v =1y € N,
o (C3) 8fg5D(u)/8l/|V:V0 # 0.
Assumption 4.4 Moment and variance conditions for SV-GED.
e (D1) GED errors admit moments of all orders, including E[log(u?)?*] < oo,

e (D2) The long-run variance

is finite and strictly positive.

12



We now derive the asymptotic properties of the estimator 2. Under Assumption 2.1, the latent
log-volatility process {w;} is strictly stationary, ergodic, and S-mixing with exponential decay, and
the innovation process {u;} is i.i.d. and independent of {w;}.

For the Student-t case, the transformed squared innovations can be expressed as log(u?) =
log(22) —log(\¢/v), where 2 ~ N(0,1) and \; ~ x2/v. Hence, log(u?) follows a log-F distribution
and has finite variance when v > 2, and finite higher moments for larger v. For the GED case,
log(u?) admits finite moments of all orders.

Consequently, the process y; := log(y?) — E[log(y?)] is strictly stationary, ergodic, and S-mixing,
with finite variance and higher moments under mild regularity. This follows from the fact that y; is a
measurable function of w; and u;, and that S-mixing is preserved under measurable transformations
when suitable moment conditions hold; see Bradley (2005).

When E[log(u?)*] < oo-which holds when v > 4 in the Student- case and always in the GED
case-then the transformed process y; has finite fourth moments, implying that the original pro-
cess y; has finite eighth moments. These moment conditions, together with the stationarity and
[-mixing properties of the SV model, ensure that the sample autocovariances used in the estimation
of v admit a well-behaved asymptotic theory. In the lemmas and theorems that follow, we formally
establish the consistency and asymptotic distribution of the estimator . The proofs draw on clas-
sical ergodic theorems and central limit theorems for dependent processes, as well as general results
on the consistency and asymptotic distribution of moment-based estimators previously established

in Ahsan et al. (2025a).

Lemma 4.1 Consistency of 0 with Student-t errors.

Let Assumptions 2.1 and 3.1 hold, and suppose the population moment condition

fow) = M) <;> +y® (%) — = (0) + ’Y?/*(;l)

has a unique solution at the true value vy € N C (4,00). Then the estimator v defined in (20) or

(33) are consistent:

Theorem 4.1 Asymptotic distribution of U with Student-t errors.

Let Assumptions 2.1, 3.1, and 4.1 —4.2 hold. Then the estimator v defined implicitly by
X o« 1.
F70) = W (3) + W (5) =y (0) + 3 =0
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satisfies the asymptotic normality:
VT(0 — 1) N N(0,0?),

where

2 ‘7)2‘ 2 . .
2 2

Lemma 4.2 Consistency of v with GED errors.

Let Assumptions 2.1 and 3.2 hold, and suppose the population moment condition

o) = (2) 00 (D) a0+ 2

has a unique root at vy € N'. Then the estimator U defined in (28) or (34) are consistent:

Theorem 4.2 Asymptotic distribution of U with GED errors.
Let Assumptions 2.1, 8.2, and 4.3—4.4 hold. Then the estimator v defined implicitly by

2
£20) = (3) 00 (5) =50 @ + Fie) =0

satisfies:
VT(7 — 1) & N(0,02),
where )
_ 95 _ . 1.
o= [ & ) (L) — 4. 9@ (;)]2’ ‘712” = Var (’Yy*(o) - qﬂy*<1)> .

Remark 4.1 (Verification of Regularity and Identification Conditions) The continuity and
differentiability conditions in Assumptions 4.1 and 4.3 follow directly from the analytic properties of
the polygamma functions. In particular, the trigamma function w(l)(x) and higher-order polygamma
functions are infinitely differentiable (C*) on R, and v (z) is strictly decreasing for x > 0. As

a result, the mapping

¢

is continuously differentiable and strictly monotone on the relevant domain v € Dy C (0,00),

F(v) = p® (;) g0 (2) = g0+ 220)

ensuring that a unique solution vy exists. The same reasoning applies to the GED case, where
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(2/v)2pM (1/v) is also smooth and strictly monotone on RT. Hence, the identification and regular-

ity conditions invoked in Assumptions 4.1 and 4.3 hold automatically by construction of f(v).

Remark 4.2 Robust inference when v < 4 in Student-t case.

Asymptotic normality of U under the Student-t model requires v > 4 to ensure that the trans-
formed process y; = log(y?) — Ellog(y?)] has finite fourth moments. However, in many empirically
relevant applications—including our simulation and empirical results—v may be close to or below this
threshold (e.g., v = 3), in which case the asymptotic distribution of U may be non-normal or un-
defined. To address this, we complement the asymptotic theory with finite-sample simulation-based
inference (e.g., Monte Carlo tests), which remain valid under heavier tails and weak regularity con-

ditions.

Remark 4.3 Robustness under GED tails.

Unlike the Student-t case, GED distributions admit moments of all orders regardless of the value
of v. This implies that the asymptotic distribution of U remains valid even for strongly leptokurtic
innovations. The higher-order differentiability of the GED moment condition facilitates inference
without requiring supplementary simulation techniques. Nonetheless, if the process exhibits time

variation in tail behavior, simulation-based inference may still be preferred.

5 Hypothesis testing

Inference in stochastic volatility (SV) models can, in principle, be conducted using asymptotic tests
based on likelihood ratio (LR)-type statistics. However, these tests rely on standard regularity
conditions that are not always satisfied in SV settings, potentially leading to nonstandard limiting
distributions and poor size control in finite samples.

To address these limitations, we complement asymptotic inference with simulation-based testing
procedures, specifically Monte Carlo (MC) tests following Dufour (2006). These methods provide
exact or locally level-corrected inference by directly approximating the sampling distribution of the
test statistic under the null. While such procedures have traditionally been difficult to implement in
SV models due to the high computational demands of alternative estimation procedures, our simple
and computational efficient moment-based estimators makes these tests feasible even in large-scale
applications.

Further, the asymptotic distribution of # derived above holds under the condition that E[log(u?)%]

0o, which is satisfied for the Student-t distribution only when the degrees of freedom v > 4. For
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cases where v < 4, such as v = 3 considered in our simulations and empirical application, the fourth
moment of the transformed process y; := log(y?) — E[log(y?)] is not finite, and the Central Limit
Theorem for B-mixing processes does not apply. In such heavy-tailed settings, asymptotic normality
may fail, motivating the use of simulation-based methods such as Monte Carlo tests discussed for
valid inference on v.

In this section, we describe both the asymptotic and simulation-based versions of our proposed
GMM-based LR-type test. We begin by outlining the construction of the test statistic and then
describe how to implement both inference procedures. While prior work has focused on testing
model dynamics—such as persistence, autoregressive order, or leverage effects in SV(1) and SV (p)
models Ahsan and Dufour (2019, 2021); Ahsan et al. (2025a)-our contribution here is to test the
distributional assumptions of the innovations, particularly normality versus heavy tails.

The SV models we consider incorporate heavy-tailed error distributions and are characterized by
four parameters: 6 = (¢, 0y, 0,,v), where v is the degrees of freedom parameter and hence governs
the tail behavior. The LR-type statistics we porpose using are based on the following moment-based
GMM objective function:

Mz (9) := gr(0)' Ar, g7(0), (35)

where gp(0) is a 4 x 1 vector of moment conditions, defined later and depending on the assumed
error distribution.
Since the number of moment conditions equals the number of parameters, the model is just-

identified. In this case, we could set A = I4 and use the simplified GMM objective function
M) = gr(6)' g7(0). (36)

However, to ensure that the LR-type statistic in (40) follows a x? distribution asymptotically, it is
preferable to use an efficient weighting matrix, Ap = Q;l, where (), is a consistent estimator of the

long-run variance:

K(T)
A _ r~ o - ~/
O, =T+ > <1 D 1) (rk+rk), (37)
. 1 &
Uk =7 Z 9:(0)g:(0) (38)
t=k+1
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The resulting efficient GMM-type objective function is

~

M3 (0) = gr(0)'Q;  gr(6). (39)

To test hypotheses on 6, we compute the LR-type test statistic as the difference between the

restricted and unrestricted values of the efficient GMM criterion:
LRy =T x [MT(éo) - MT(é)] , (40)

where 6 is the unrestricted estimator and 6 is the estimator under the null hypothesis. Under
standard conditions, LRt LA X2, where r is the number of restrictions; see Newey and West (1987),
Newey and McFadden (1994), and Dufour et al. (2017). However, these standard regularity condi-
tions may fail to hold when some parameters are unidentified under the null, or when the null lies
on the boundary of the parameter space—both of which are common in SV models. In such cases,
the asymptotic distribution may be nonstandard, and the weighting matrix Q. may be ill-defined or
near-singular. These issues motivate the use of MC-based inference to provide size-correct testing.
As described in Ahsan et al. (2025a), in such cases, it may be preferable to use Ay = Iy. Impor-
tantly, the Monte Carlo test remains valid regardless, as it does not rely on the regularity conditions
required for the X72~ approximation or on consistent estimation of éo.

The asymptotic version of the test relies on critical values from the y? distribution, where r
denotes the number of restrictions imposed under the null. Test statistics are evaluated by simulating
data under the null or alternative, and empirical size and power are assessed by computing rejection
frequencies over repeated simulations. As shown in Section 6, this approach tends to over-reject
under the null. To address this, when evaluating the power of the test, we implement a locally
level-corrected version of the asymptotic test. This version adjusts the critical region by replacing
the standard x? quantile with an empirical critical value obtained from an approximation of the
null distribution. Specifically, we simulate a large number of samples under the null using a large
sample size, compute the LR statistic for each, and use the empirical (1 — o) quantile as the test’s
critical value. This yields a corrected rejection frequency that more accurately reflects the nominal
size and facilitates meaningful power comparisons. While infeasible in practice—since it relies on
knowledge of the true DGP—this procedure provides a useful benchmark for assessing the relative
performance of alternative tests.

The Monte Carlo version of the test constructs the null distribution directly by simulating data
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from the model under the null hypothesis, using parameter estimates that satisfy the imposed
restrictions. Specifically, for each replication, we simulate a dataset from the restricted model using
the estimated parameters 6o, compute the LR-type statistic for this dataset, and repeat the process
N times to generate an empirical distribution of the test statistic under the null. Given the observed

test statistic LRy, computed using (40) from observed data, the local MC p-value is

PRMC N+1- Y T{LRy > LR}

41
N N +1 (41)

where Z{-} is an indicator function and LRg)jil is the IV x 1 vector of test statistics computed
from the simulated null datasets. This p-value represents the rank of LRy relative to the empirical
distribution of the test statistic under the null, and does not rely on asymptotic approximations
or regularity conditions. The subscript N indicates that the p-value is based on N simulated
replications of the null distribution. The superscript LMC denotes the local Monte Carlo test,
in which the null distribution is simulated using parameter estimates obtained under the imposed
restrictions, making the simulation local to that region of the parameter space.

Importantly, the maximized version of the Monte Carlo test (MMC) extends the local procedure
by considering a broader set of parameter values consistent with the null hypothesis. This yields a
test that is robust to identification issues and remains exact in finite samples. Specifically, let the
vector of nuisance parameters be § = (¢,04,0,)". In the local Monte Carlo (LMC) test, we use the
point estimates 50 = (gzgo,&yo, 61%), obtained under the imposed restrictions, to simulate the null
distribution of the test statistic. In contrast, the MMC test evaluates the p-value over a wider set

of nuisance parameter values consistent with the null. Specifically, we define the constrained set:

Cr(vo) = {éo e : ‘¢> — (;30’ <0.01,;]¢| < 0.99,; |o, — 69| < 0.05,;0, > 0.01,;

‘O',/ — &9

<0.05,50, > 0.01} . (42)

While it is possible to maximize over the full nuisance parameter space, restricting the search to
a neighborhood around 50 helps reduce the computational burden of the optimization. For each
6y € Cr(vy), we simulate the null distribution of the test statistic, compute the corresponding
Monte Carlo p-value as before, and then select the maximum p-value over this set, yielding p%MC.

For further details on the MMC framework and its theoretical properties, see Dufour (2006).

Unlike the asymptotic version, we do not report a locally level-corrected version of the Monte
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Carlo tests, as they exhibit little to no over-rejection under the null. Consequently, in the power
comparisons that follow, we evaluate the performance of the LMC and MMC procedures relative to
the locally level-corrected version of the asymptotic test. This approach allows us to assess power
while preserving finite-sample validity under the null.

We now turn to the moment conditions used to construct the GMM-based LR-type tests under
both the asymptotic and Monte Carlo frameworks, focusing on models with Student’s t and GED

innovations, and on testing both normality against heavy tails and heavy tails against normality.

5.1 Student-t: Testing for Normality and Heavy Tails

For the SV(1)-t model, we define the moment vector g5/“(6) as

¢ (43)
Ay (2) — Py (1)
[0 (3) + 0D (5) = 4= (0) + 4y (1) /6

g5 (0) =

where the superscript “stu” indicates that these moments are specific to the case with Student-¢
innovations, distinguishing them from the GED case discussed below.

Since w; is not normally distributed, the process €; is not simply i.i.d. log(x?) and the moment
conditions must be adjusted accordingly. The first moment is obtained by taking the logarithm of
equation (18). The second moment follows from summing the Yule-Walker autocovariance identities
4(0) and 4(1), but uses the non-Gaussian expression for o2. Specifically, we substitute (13) into the

autocovariance structure given in (7) to account for the heavy-tailed nature of the errors as follows

Y(0) + (1) = ¢y(1) — 0} — 02 — ¢y(0) + $po? = 0
YO0) (1 =) +v(1)(1—¢) —0p —02(1—¢) =0
H(0)(1 — 8) +7(1)(1 — @) — (7(0) — ~A(1))(1 — &) — 02 = 0

s
wnu—¢w+“;¢Huwﬂﬁ=0
8= gz

yielding the second moment condition. The third moment is simply the autocovariance equation in

(7) when k = 2 and the fourth moment equation is from the optimization problem (20).
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In order to estimate €2, we use

log(y?) — v (3) + ¢ (5) — log(9) — log(62)]
(1*&)2) 5.2

Y YL — — 0,
g™ (0) = e (44)
Ye Yo — Yy yt+1)

YO (1) + oM (B) —yryf +yiyia /9

giving the GMM-type objective function

~ -1
M3 (0) = g (o) (2) g (0). (45)

To test hypotheses on 6, the LR-type statistic is the difference between the restricted and unre-

stricted optimal values of the objective function:
LR = T x [M3™*(00) — M3 (0)] (46)

Testing for normality in the Student-t setting is not entirely straightforward. In theory, as the
degrees of freedom parameter v approaches infinity, the Student-t distribution converges to the
normal distribution. However, for sufficiently large but finite values of v, the distribution may

already closely approximate normality. To account for this, we test the hypothesis:

Hy™" v =30 (47)

HP™ v # 30 (48)

where v = 30 is chosen to represent a distribution that is effectively Gaussian for practical purposes.
The parameter v appears in the first and fourth moments of the moment vector gﬁf“(@) defined above.
As before, the full parameter vector is given by 6 = (¢, 0y, 0,,v)" and the nuisance parameter vector
is 0 = (¢,04,0,)".

Notably, the second and third components of g5 () do not necessarily depend on v—for example,
when using expressions such as (13) and (14)—and therefore their estimates remain unchanged under
the null and alternative. In the simulation section, we consider alternatives with v = 3, 5, and 10

to evaluate the power of this test.
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To test for heavy tails, we consider the following hypothesis test

Hg’h v =10 (49)

HEM v #£10 (50)

We choose v = 10 based on prior literature that finds evidence of fat tails in SV models with Student-
t errors, with estimated degrees of freedom often around this value (see, for example, Jacquier et al.
(2004)). However, our simulation results in the next section suggest that this test has limited power
against a Gaussian alternative with v = 30, implying that v = 10 may still be too close to normality
to generate meaningful separation. To address this, we also report results in the appendix for tests

involving more extreme tail behavior under the null, namely:
HM30:v=3 and H*"0:v =15 (51)

with v = 30 as the alternative in both cases. These additional settings allow us to assess test perfor-

mance when heavier tails are clearly present under the null and lead to better power performance.

5.2 GED: Testing for Normality and Heavy Tails

To test for normality and heavy tails under the assumption of GED errors, we use the following

moment conditions for the GMM-based LR-type test:

The superscript “ged” indicates that these moments are derived under the GED error assumption.
The first moment is obtained by taking the logarithm of equation (26). The second moment is based
on the autocovariance identity involving 4(0) and 4(1), using the expression for o2 as was shown in
the Student-t case. The third moment corresponds to the autocovariance condition at lag k = 2, as
in the Student-t case. The fourth moment arises from the identification condition associated with

the estimation of the shape parameter v, specifically from the optimization problem in equation

(28).
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In order to estimate Q* in the GED error case, we use

log(y?) — 20 (£) —log [T (£)] +log [T (£)] — log(52)
y* * (1*}272) _ 6'2

t Y1 3 v (53)

YiYito — PYi Vi

(2)* 9™ () = yrr +vivi /9

gl 0) =

giving the GMM-type objective function

M (0) = o) (02) T g0). (54)
and the LR-type statistic given by the objective function:

LRE =T x [M{** (B) = M7 (0) (55)

which we use to test hypotheses on 6 in settings with GED errors.
In this case, testing for normality under the GED specification is relatively straightforward, as
the GED distribution coincides with the normal distribution when v = 2. Accordingly, we consider

the following hypothesis test:

HY" v =2 (56)

H)" v #£2 (57)

This restriction is reflected in the first and fourth moments of ggfd(ﬁ) defined above. To evaluate
the size of the test, we simulate data under the null with v = 2. Meanwhile, to assess power we
consider alternative data-generating processes with heavier tails, specifically v = 1.5, v = 1.2, or
v = 1.0, which correspond to progressively heavier-tailed distributions and find that power increases

as v decreases, as should be expected.

To test for heavy tails, we use the same moment conditions, but consider the following hypothesis:

HI" v =15 (58)

HI" v £ 1.5 (59)
In this case, size is evaluated under a DGP with v = 1.5, while power is assessed using a more
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Gaussian alternative with v = 2. While we could alternatively test null hypotheses with v = 1.2 or

v = 1.0, we treat v = 1.5 as a representative upper bound for distributions with clearly heavy tails.

6 Simulation study

In this section, we assess—via simulation—the estimation properties of the winsorised ARMA-SV (W-
ARMA) estimators with heavy-tailed distributions proposed in this paper. Similarly, we also asses
the empirical performance of the asymptotic, Local Monte Carlo (LMC), and Maximized Monte
Carlo (MMC) tests for normality and heavy tails.

We consider both Student-t and GED specifications under two persistence regimes: moderate
persistence (¢ = 0.90) and high persistence (¢ = 0.95). We also vary the sample size and the
degrees of freedom parameter v to capture different degrees of tail heaviness, including values that

approximate or are equivalent to normality.

6.1 Estimation performance

For the estimation results, we consider both SV; and SVggp models. We generate Ny, = 10,000
replications for each design, with sample sizes T € {1000, 2000, 5000} and winsorisation windows
J € {10,50,100,200}. For each parameter § € {¢,0,,0,,v}, we compute bias and RMSE across

replications as:

R 1 Nrep . . 1 Nrep 9
Bias(0) = ~— (90“) - 9) : RMSE(d) = || fir) — 9) ,
rep . rep ,._q

where 6() is the estimate of the true parameters 0 = {¢, 0y, 0, v} from the r*t replication.

In the Student-t designs, we report the RMSE for v relative to its true value (i.e., RMSE/v) to
facilitate comparison across different levels of tail heaviness, especially since estimating v is known
to be challenging in the Student-t setting. This normalization is also helpful given that many prior
studies report dispersion in v using nonstandard metrics.’

Table 1 presents bias and RMSE results for the SV; model under moderate (¢ = 0.90, left panel)
and high (¢ = 0.95, right panel) persistence. We normalize o, = 1.00 and set o, = 1.50 to reflect

relatively higher volatility in the log-volatility process. For tail thickness, we consider v = 3 in the

®Difficulty in estimating large values of v has led other authors to report alternative dispersion measures. For
example, Jacquier et al. (2004) report the average of the first and third quartiles from their posterior distribution.
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Table 1: Estimation of SV models with Student-¢ errors

T Moderate persistence High persistence
[ oy oy v [6) oy oy v
Heavy tails 0.90 1.00 1.50 3.00 0.95 1.00 1.50 3.00
W-ARMA (7=10)  R\isp oo 0421 01 4s0l 0013 0477 oa7 501
0% W-ARMA(J=50)  RNise o022 0493 013  4el2 0015 o6 04l 4501
W-ARMA (/=100 RNisg g2 047 043 4o 001 0479 0130 16m
W-ARMA (/=200 RNisE g2 0433 018y 2916 004 048 0200 29
W-ARMA (7=10)  RNisp  0ols 0421 0091 183 0000 040 008 303
20 W-ARMA(J=50)  RVSE  oole o042 009 2610 001 043 olo8 2148
WARMA (J=100) RNiSE  ools 042 0105 263 0010 o042 0111 1902
W-ARMA (/=200 RNisp  oolr 0431 0138 Los  oolo 04 ot ool
W-ARMA (/=10)  RNisg 0009 0421 0039 0900 0006 042 0053 0338
0 W-ARMA(J=50)  RVE ool 02 0065 043 0007 o2 0073 1517
W-ARMA (/=100 RNisp  oolo 0421 0067 050 0008 0427 0ot 0501
W-ARMA (=200 RNisp  oolo 027 007 o0 0007 043 0085 05ds
Normal (approx.) 0.90 1.00 1.50 30.00 0.95 1.00 1.50 30.00
W-ARMA (J=10)  RNisp 00 0241 010 1270 0013 0502 0113 1an
W0 veama s D OME OBL O s om: omi on i
wanis oo D, OISl i om o o
Wi g-a B, D OW OB T omm aon
W-ARMA (/=10)  RNisg  0ols 0481 008 143 0000 033 0070 1410
W0 s o B, D DT 0l ome ot ok o
W oo B OOB NG SaT il oms Gow om i
W oo B D03 DM SUL alr Gdm 0o O i
wawin o Bm OOR SN Sel g omo oag o oo
W0 W-ARMA (/=500 RVSE  oom 0123 0003 L2 0006 0211 0071 109
wam oo D OMG OML OmE ki om0 om oo
Wi uowo Dm U fw 20 bl om am o

Notes: Bias and RMSE are computed over 10,000 Monte Carlo replications. Moderate (high) persistence corresponds
to ¢ = 0.90 (¢ = 0.95). Variance parameters are set to oy, = 1 and o, = 1.5. In the heavy-tail case, v = 3.0, while
v = 30.0 is used to approximate normality. RMSE for v is reported as RMSE/v. J denotes the winsorisation

parameter.
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Table 2: Estimation of SV models with Student-GED errors

T Moderate persistence High persistence
5 oy oz v 5 oy 7y v
Heavy tails 0.90 1.00 1.50 1.50 0.95 1.00 1.50 1.50
W-ARMA (/=100 RN 0022 026 0420 0580 0013 0578 018 0526
00 W-ARMA (J=30)  RVE 0022 0205 013 o056 0013 038 01 0550
W-ARMA (/=100 RVSE 0022 0271 0181 odst 00l 0502 0% 0472
W-ARMA (J=200) RNisE 002 028 0200 0s% 004 0617 0226 0%
W-ARMA (/=100 RNisE 0015 0181 0o% 083 0000 087 008 0306
W00 WARMA(/=50)  RNSE 0015 0185  00% 0%  o0lo 0372 0109 004
W-ARMA (/=100 RVSE  ools oiss  0lor 0207 000 0871 0114 029
W-ARMA (J=200) RNiSE 0018 010 013 0265 oolo  0ssr  01d9 026
W-ARMA (/=100 RNisE 0005 0114 008 0178 0006 0220 0033 0171
W0 W-ARMA (/=50 RMsE  00i0 0115 0os 017 0006 0220 0072  01m
W-ARMA (J=100) RNiSE  0olo 016 0067 075 000 027  0ori  0i77
W-ARMA (/=200 Rle ol o117 007 ol 0006 023 008 0160
Normal 0.90 1.00 1.50 2.00 0.95 1.00 1.50 2.00
WA - T T T wermm o omoTm o
v oew B, LEOMMGEtm o owme e
YRR
T v 1 (I O T (o
W-ARMA (/=100 RNisE 0015 0478 0os 068 0000 0365 008 0666
wanoew B, TEOME T G
waa - B, W GG ame we dw o
waagm B, M DN Gm o dmmoom g o
W-ARMA (/=10)  RNE 0005 01l 0057 0581 0006 0225 005 0362
i B o ST 00 e pwr e o
wamia - B O0n DU OhT 0B om0 a0 oo
wawnoow B UL G oo ate o

Notes: Bias and RMSE are computed over 10,000 Monte Carlo replications. Moderate (high) persistence corresponds
to ¢ = 0.90 (¢ = 0.95). Variance parameters are set to oy = 1 and o, = 1.5. In the heavy-tail case, v = 1.5, while

v = 2.0 is used for normality. J denotes the winsorisation parameter.
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heavy-tailed case and v = 30 for approximate normality.

As expected, both bias and RMSE decline monotonically with the sample size T'. The largest
gains occur between T = 1,000 and T = 2,000, with further-often though relatively smaller—
improvements between T" = 2,000 and T" = 5,000, particularly for v. Increasing the winsorisation
parameter J from 10 to 50 yields substantial reductions in RMSE for the scale parameters o, and
oy. Further increasing to J = 100 provides marginal improvements, and results beyond J = 100
show negligible gains, suggesting that J = 100 is a practical and efficient choice.

High-persistence designs (¢ = 0.95) exhibit slightly higher RMSEs for o, and o,, although
the differences are modest. In contrast, RMSE for ¢ tends to be lower in the high-persistence
design, indicating more precise estimation of the persistence parameter. Across all parameters, the
qualitative ranking across J and the rate at which precision improves with T remain stable. For
v, the relative RMSE (i.e., RMSE/v) is lowest under strong heavy tails (v = 3) and highest in
the near-Gaussian case (v = 30), reflecting the intrinsic difficulty of estimating a nearly normal
distribution.

Appendix Table 7 presents results for intermediate values of v, specifically v = 5 and v = 10.
These results reinforce the same general patterns: bias shrinks with 7', RMSE decreases up to
J = 100, and estimation error for v increases as the distribution becomes closer to normal.

Table 2 reports results for the SVgep model. The main findings from the Student-¢ case largely
carry over. In particular, RMSE for v increases as the distribution approaches normality (v = 2.0),
and declines for heavier-tailed cases (v = 1.5). However, the RMSE for v is generally lower than in
the Student-t setting, despite not being normalized in the GED case. Appendix Table 8 provides
further results for SVgep models with stronger tail behavior (v = 1.2 and v = 1.0). These findings
also align with the results presented here, confirming that RMSE for v decreases as tail thickness
increases.

Overall, the bias and RMSE we observe are quite small, suggesting that the proposed W-ARMA
estimators for SV models with Student-t and GED errors perform remarkably well-even at moderate

sample sizes and relatively small values of J.

5Recall that the asymptotic distribution of # requires E[log(u?)*] < oo, which holds for Student-t innovations only
if v > 4. For smaller v, such as v = 3, the fourth moment of y; is infinite, invalidating standard asymptotic theory.
Nevertheless we present simulation results with v = 3 as it is used for hypothesis testing, motivates the use of Monte
Carlo tests considered here, and is empirically relevant as seen in the Empirical section. Further, these simulation
results showcase the estimation properties of our estimation procedure even in these settings where asymptotic theory
isn’t available.
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6.2 Test performance

We now show empirical size and power for the asymptotic (Asy), Local Monte Carlo (LMC), and
Maximized Monte Carlo (MMC) tests described above. Specifically, we consider again the same
two persistence regimes used in Section 6.1, namely the moderate persistence (¢ = 0.90) and high
persistence (¢ = 0.95), and focus on testing the null hypothesis of normality and heavy tails in
SV models with Student-t or GED error distributions. Here, we add additional sample sizes, where
now 7' € {500, 1000, 2000, 5000, 10000}. All tests are based on 1,000 replications, with winsorisation

window J = 100, and variance parameters o, = 1 and o, = 1.5.

Table 3: Empirical size of Asymptotic and Monte Carlo LR-type tests

Test for normality Test for heavy tails
T ¢ = 0.90 ¢ =0.95 ¢ =0.90 ¢ =0.95

Asy LMC MMC Asy LMC MMC Asy LMC MMC Asy LMC MMC
SVgep Hp: v=20vs. Hi: v#20 Hp: v=15vs. Hi: v#15
500 6.1 6.8 3.7 3.2 5.8 2.0 9.4 4.4 2.1 5.9 4.5 2.0
1000 7.4 5.0 2.1 3.6 3.9 1.4 11.2 5.0 2.9 7.2 4.4 1.9
2000 8.5 5.0 1.4 6.0 4.3 1.3 9.5 5.2 2.3 6.4 4.6 1.4
5000 10.5 5.8 1.9 6.3 4.3 1.6 10.4 5.4 1.5 7.7 5.2 1.6
10000 11.2 6.3 1.7 8.2 4.5 1.7 10.1 4.7 1.3 7.1 4.3 1.3
SVi Ho: v=30vs. Hi: v#30 Ho: v=10vs. H1: v # 10
500 8.4 5.5 1.6 2.3 4.3 0.9 5.8 6.6 1.4 1.0 4.2 0.9
1000 12.7 5.0 1.4 5.6 5.5 2.3 8.2 5.7 1.8 2.9 4.8 1.9
2000 12.2 6.6 2.1 5.4 4.7 2.0 9.0 6.0 1.8 5.2 6.7 2.8
5000 9.8 6.2 1.8 5.1 4.4 1.5 9.3 6.7 1.4 4.5 6.2 2.1
10000 7.5 4.2 0.7 4.9 5.0 1.2 7.2 6.0 0.9 2.4 5.3 0.3

Notes: The level of the test considered here is @ = 5%. Empirical performance is computed over 1,000 replications.
Moderate (high) persistence corresponds to ¢ = 0.90 (¢ = 0.95). The variance parameters are set to o, = 1 and
o, = 1.5. Throughout, the winsorisation parameter is fixed at J = 100. The value of v corresponds to the null
hypothesis being tested: in the GED case (top panels), v = 2.0 when testing for normality (left) and v = 1.5 when
testing for heavy tails (right); in the Student-¢ case (bottom panels), v = 30 when testing for normality (left) and
v = 10 when testing for heavy tails (right).

Table 3 reports empirical size for all three tests in the Student-t (bottom) and GED (top)
settings, while Table 4 reports empirical power. The null value of v varies by test, as specified
in Section 5. To summarize: when testing for normality in the GED error setting, we consider
HY™ : v = 2.0, as this is equivalent to normality, and consider alternatives of v = 1.0, v = 1.2, and
v = 1.5 when evaluating power. When testing for normality in the Student-t case, we consider a
null hypothesis Hy" : v = 30 to approximate normality and consider alternatives of v = 3, v = 5,

and v = 10 for power analysis. When testing for heavy tails in the GED error setting, we test the
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null hypothesis Hj M. » = 1.5 and consider the alternative v = 2.0 to evaluate power. Finally, when
testing for heavy tails in the Student-f case, we consider the null Hg’h v =10 and use v = 30 as
the alternative to evaluate power against approximate normality. As mentioned in Section 5, this
configuration does not appear to offer much power. For this reason, we also consider setting the
null hypothesis as Hg’h’?’ v =3 and Hos’h’5 : v =5, and test against the alternative v = 30 in both
cases to evaluate power when the null is further from normality. As described below, the case where
Hg’h’g : v = b5 leads to relatively better power, but the strongest performance achieved when the
null is Hg’h’?’ cv=3.

Size control. The empirical size results in Table 3 suggest that the asymptotic LR test often
exhibits notable size distortions, particularly under moderate persistence. In the Student-t case,
distortion is especially pronounced when the null distribution approximates normality, i.e., Hy : v =
30. In contrast, distortions are generally smaller under the high persistence scenarios. The LMC
procedure yields rejection rates close to the nominal 5% level across all designs, while the MMC
test yields rejection frequencies that are at or below the nominal level, as expected from theory.

Table 9 provides additional results for Student-¢t models with heavier tails under the null (v €
{3,5}). The observed patterns here are broadly consistent with those described above, although
we do observe that for these heavier-tailed DGPs, the asymptotic test displays more pronounced
over-rejection when persistence is high—though still less than in the moderate persistence cases.

Overall, we find that the LMC test performs best in terms of controlling the size of the test, and
that the MMC test performs well in terms of maintaining the rejection frequencies at or below the
level of the test, as should be expected. The asymptotic test, by contrast, often fails to maintain
appropriate size, particularly under moderate persistence.

Power patterns. Power increases with sample size across all designs, with one key exception:
the case of testing for heavy tails in the SV model with Student-¢ errors, i.e., testing Hg’h v =10
against the alternative v = 30. For such moderate deviations, power remains low even at T" = 10,000,
underscoring the difficulty of distinguishing nearly normal distributions from those with moderately

heavy tails.
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As noted earlier, Table 9 explores power in settings where the null hypothesis is instead v = 5
or v = 3. Power improves considerably when the null is set at ¥ = 3, which corresponds to stronger
tail behavior. When testing for heavy tails in the GED case, both the LMC and MMC tests perform
well, with high power across all sample sizes and tail thickness levels.

It is worth highlighting again that the asymptotic test results shown here are locally level-
corrected, and therefore not feasible in practice, as they require knowledge of the true DGP. Nev-
ertheless, the fact that the LMC test closely mirrors the performance of this infeasible benchmark
further validates its practical value.

In both the GED and Student-t settings, power increases as the alternative hypothesis moves
further from the null-for example, as v — 1.0 in the GED case, or v — 3 in the Student-t case. In
general, the Monte Carlo-based tests show strong power properties, especially at larger sample sizes.
The only clear exception remains the Student-t setting when testing HS’h :v=10or Hg’h’5 v=>5
against v = 30, where moderate tail differences yield weak power.

Practical guidance. Among the three procedures, the LMC test offers the best trade-off
between size accuracy and statistical power. It consistently outperforms the asymptotic test and is
computationally simpler than the MMC. That said, the MMC test may be preferable in situations
where identification is weak or the null lies on the boundary of the parameter space—scenarios in
which both the asymptotic and LMC tests may underperform. Taken together, the results strongly
support the use of simulation-based inference methods in SV models with non-Gaussian errors,

particularly when standard asymptotic approximations are unreliable.

7 Applications to stock price volatilities

We now apply the proposed W-ARMA estimators for SV models with Student-¢t and GED errors,
along with the three hypothesis testing procedures previously developed, to daily returns from
three major U.S. equity indices: the S&P 500, the Dow Jones Industrial Average (DOW Jones),
and the NASDAQ Composite. The sample spans from 4 January 2000 to 31 May 2023, yielding
5,889 observations per series. Appendix Table 10 provides summary statistics for the raw demeaned
returns (y:), squared demeaned returns (y;7), and demeaned log-squared returns (log(y?)). The
series exhibit large standard deviations, excess kurtosis, and significant autocorrelation in volatility,
as evidenced by elevated Ljung-Box (LB) statistics on log(y?). Appendix Figure 1 shows time series

plots of y; for each index, clearly revealing large shocks, persistence in the shocks, and volatility
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clustering.

We estimate both SV; and SVgep models using the W-ARMA estimator with a winsorisation
parameter of J = 100. Table 5 presents the results: the top panel reports estimates from the
SVgep model, while the bottom panel reports those from the SV; model. All three indices exhibit
highly persistent volatility processes, with $ ~ 0.98. The estimated degrees of freedom indicate
strong evidence of heavy tails in all three assets under both specifications: © € (3,5) for SV;
and 7 € (1.2,1.5) for SVgep. Across models and indices, 7, € (0.14,0.19) suggests stable latent
volatility noise. Values in parentheses are standard errors obtained via the implicit standard error

procedure described in Section 6.3 of Ahsan et al. (2025a).

Table 5: Empirical W-ARMA estimates of SVgep and SV; models

S&P 500 DOW Jones NASDAQ
3 Gy 5, » é Gy ry o 3 Gy ry »
SVgep
est. 0.984 0.973 0.172 1.342 0.982 0.895 0.186 1.473 0.989 1.274 0.146 1.408
SE  (0.002) (0.070) (0.018) (0.086)  (0.002) (0.064) (0.014) (0.097)  (0.001) (0.100) (0.016) (0.091)
SWVi
est. 0.984 0.725 0.172 3.488 0.982 0.720 0.186 4.535 0.989 0.988 0.146 3.956

SE  (0.002) (0.085) (0.020) (0.423) (0.002) (0.046) (0.017) (0.713) (0.001) (0.074) (0.014) (0.562)

Notes: Sample for each index is from 2000-Jan-04 to 2023-May-31 (7" = 5,889). Estimates are obtained using W-
ARMA estimator given in (31) with J = 100. Standard errors of parameters are obtained using the implicit standard
errors procedure described in Section 6.3 of Ahsan et al. (2025a). Top panel shows results from estimating an SVgep

model and bottom panel show results from using an SV; model.

To assess distributional assumptions, we test for normality and for heavy tails using the GMM-
based LR-type tests previously discussed. Table 6 reports p-values for the asymptotic, LMC, and
MMC versions of the test, with Monte Carlo sample sizes N € {99,299, 999}.

To test for normality, we set Hp : v = 2 in the SVggp case and Hp : v = 30 in the SV; case. For
all indices, all three tests reject the null of normality (p < 0.05) across both types of models.

To test for heavy tails, we use Hg : ¥ = 1.5 in the GED model and Hy : v = 3 in the Student-¢
model. These choices reflect null hypotheses of very heavy tails. As shown in Table 5, the estimates
of v are near these values, especially in the GED case. Accordingly, all three tests fail to reject the
null of heavy tails in the SVggp model across indices.

In contrast, for the SV; model, the findings are more nuanced. For the S&P 500, the asymptotic
test rejects the null of heavy tails, whereas both LMC and MMC tests do not reject at conventional

levels when © = 3.48. For the other two indices, the estimated v values are further from 3 ( ~ 4.54
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for DOWJ and ~ 3.96 for NASDAQ), suggesting relatively lighter tails. Accordingly, both the
asymptotic and LMC tests reject the null for these indices. However, the MMC test only rejects
for the DOWJ; for NASDAQ), the null is not rejected. Taken together with the results from testing
for normality, this suggests that the Dow Jones index exhibits heavy tails, though not to the same

extent as the other two stock indices considered here.

Table 6: Asymptotic and Monte Carlo tests of error distribution in SVgep and SV models

Asy LMC MMC Asy LMC MMC
N=99 299 999 N =099 299 999 N=99 299 999 N =99 299 999

Test for normality
SVgep - Hy:v=20vs. v#2.0 SVi - Hp:v=230vs. v#30
S&P 500 (T = 5889) 0.00 0.01 0.00 0.00 0.01 0.02 0.00 0.00 0.01 0.01 0.00 0.02 0.05 0.04

Dow Jones (T'=5889) 0.00 0.02 0.02 0.01 0.02 0.04 0.01 0.00 0.01 0.01 0.01 0.01 0.05 0.03
NASDAQ (T =5889) 0.00 0.02 0.03 0.02 0.03 0.04 0.04 0.00 0.05 0.05 0.03 0.05 0.05 0.05

Test for heavy tails
SVgep - Hy:v=15vs. v #1.5 SVe-Hop:v=3vs. v#3
S&P 500 (T = 5889) 0.13 0.36 0.30 0.28 0.36 048 0.28 0.02 0.16 0.16 0.17 0.70 0.89 0.17

Dow Jones (T'=5889) 0.77 090 0.86 0.86 0.90 0.86 0.86 0.00 0.04 0.01 0.02 0.04 0.01 0.02
NASDAQ (T'=5889) 1.00 100 1.00 1.00 1.00 1.00 1.00 0.00 0.05 0.03 0.03 0.17 0.16 0.17

Notes: 1. The reported values are p-values for test procedure when testing for normality. That is, Ho : v = 2.0 vs.
Hy : v # 2.0 for SVgep models (left side) and Ho : v = 30 vs. Hi : v # 30 for SV; models (right side). 2. The value
N is the number of Monte Carlo simulations used to simulate the null distribution, where multiple values are used
to confirm the robustness of the results. 3. Sample for each index is from 2000-Jan-04 to 2023-May-31 (T = 5, 889).
Estimates are obtained using W-ARMA estimator given in (31) with J = 100.

Overall, these results support the use of heavy-tailed distributions when modeling financial
return volatility. Heavy-tailed SV models provide a better fit than Gaussian specifications, with

evidence of persistent volatility and non-Gaussian errors across these three major U.S. stock indices.

8 Conclusion

This paper proposes a new class of moment-based estimators for stochastic volatility (SV) models
with conditionally heavy-tailed errors, specifically the Student’s ¢ and GED. Building on ARMA-
type moment representations, we derive simple, closed-form expressions for key model parameters—
most notably the persistence and volatility parameters—without relying on numerical optimization or
initial value selection. For the degrees-of-freedom parameter governing tail behavior, we introduce
a profiling-based approach, enabling tractable inference in models that would otherwise require

simulation-based maximum likelihood or Bayesian methods.
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A key contribution is the development of winsorized ARMA estimators dealing with heavy-
tailed error distributions, which significantly improve the robustness and stability of the estimation
procedure in small samples and under heavy-tailed shocks. These estimators are easy to implement,
computationally inexpensive, and highly efficient, making them particularly well-suited for empirical
work involving large datasets or models that require repeated estimation.

The simplicity of the proposed estimators also opens the door to reliable hypothesis testing pro-
cedures. In particular, we construct likelihood-ratio-type (LR-type) tests for assessing the presence
of normality or heavy tails in SV models with Student-t or GED errors. We evaluate three versions
of the LR-type test: the standard asymptotic approximation, the Local Monte Carlo (LMC) test,
and the Maximized Monte Carlo (MMC) test. Simulation results indicate that the asymptotic test
can suffer from size distortions, particularly in moderately persistent models, while the LMC test
performs well in terms of both size control and power. The MMC test provides an identification-
robust procedure that is also valid in finite-samples. An important direction for future research
involves developing and evaluating one-sided tests, such as in the Student-¢ setting where values
of v > 30 can be regarded as consistent with normality. Addressing this requires adapting the
proposed test statistic to a one-sided framework, which is the focus of ongoing research.

Our extensive simulation study confirms the strong performance of the W-ARMA estimators
in in terms of providing precise estimates across a wide range of settings. Bias and RMSE are
consistently low—even when the model features heavy-tailed innovations—and performance improves
with sample size. The LR-type tests also perform well, with the LMC and MMC tests providing
robust alternatives when the standard asymptotic procedure fails to control size.

Finally, we apply our methods to daily return data for three major U.S. equity indices: the
S&P 500, Dow Jones Industrial Average, and NASDAQ Composite. The estimation results provide
strong evidence of heavy tails in all series, with degrees-of-freedom estimates ranging from 3 to 5
for the Student-t models and 1.2 to 1.5 for the GED models. The LR-type tests decisively reject
the hypothesis of normality and, in some cases, reject the presence of very heavy tails in favor
of moderately heavy tails. These findings underscore the relevance of heavy-tailed SV models for
financial time series and confirm the practical value of the proposed methods.

Overall, this paper offers new tools for efficient estimation and reliable inference in SV models
with heavy-tailed errors. The proposed methods provide both theoretical and practical advantages,
particularly for applied researchers seeking computationally efficient yet statistically valid tools for

inference and testing in high-frequency or heavy-tailed financial data.
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9 Appendix

This Supplementary Appendix contains additional details and complementary results relevant to

the paper.

1. Mathematical Proofs.
2. Asymptotic Tests
3. Complementary simulation results.

4. Complementary empirical results.

36



9.1 Mathematical proofs

Proof 9.1 Proof of Lemma 3.1. The cumulant generating function of log(x2/v) distribution is:

W@—hﬁ%wwmﬁMHJ%mﬁMﬂJ%F%%%T)

= slog(2/v) +1og[l'((v/2) + s)] — log[l'(v/2)], fors>0, (60)

where T'(z) := 0°° r*~le™® dx is the gamma function; see Wishart (1947). The m* cumulant of the
log(x2/v) random variable is the m™ derivative of M(s) evaluated at s = 0. Thus, the corresponding

cumulants (k) and central moments (fiy,) are:

¥(5) —log(v/2), ifm=1

Rm = )
Ppm=1 (L), ifm>1
(61)
R 0, ifm=1
Hm = ) . )
Km + ZT:E (m]_ )Km—jﬂja me >1
where
d I(2)
= —log [T = 2
$(e) = L 10BN = 5 (62)
1s the digamma function and
dm dm+1
(m)(,).— 2 __ -
P(z) = Th(e) = S gl (2)] (63)

is the polygamma function of order m [i.e., the (m + 1)-th order derivative of the logarithm of the

gamma function/.

Proof 9.2 Proof of Lemma 3.2. Since u is symmetric about zero, we have E[ﬂk] =0 for k is odd.

When k is even, k = 2m say,

,m > 1. (64)
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The cumulant generating function of log(u?) distribution is:

M(s) = logE[exp (slog(a?))] = log [IE (ﬁt)%] — log ([F(l/l/)] [F

= slogl'(1/v) — slogT'(3/v) + log [r <2V8 + i)} —log[l'(1/v)],

where T(2) is the gamma function. The m™

)

fors >0, (65)

cumulant of the log squared GED random variable is

the m™ derivative of M(s) evaluated at s = 0. Thus, the corresponding cumulants (k,,) and central

moments (fiy,) are:

20(2) +1og [r()] ~tox|P(2)]. 7m=1

()" s (), i1

Rm =

0, ifm=1
Hm = )
Ko 4 252 (" ) g, ifm> 1

where 1(z) and "™ (2) are the digamma and polygamma function of order m.

Proof 9.3 Proof of Lemma 4.1.

Define the sample moment function:

£ =0 (3) + 69 (5) 30+ 22

Under Assumptions 2.1 and 3.1, the process y; is strictly stationary and ergodic with finite fourth

moments. It follows by Lemma 8 and Theorem 1 of Ahsan et al. (2025a) that:
Ay (h) B yys(h),  for h=0,1, and ¢ ¢.

Therefore,

2Lw) L ) pointwise in v.

Next, note that f3'(v) is continuous in v for each T, and f5'(v) is continuous with a unique

root at v = vy. Moreover, over any compact subinterval Ny C N, the convergence is uniform by

the stochastic equicontinuity of ffit(y), which follows from the continuity of the polygamma function
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and the uniform convergence of sample moments.

By the standard theory of Z-estimators (see, e.g., Newey and McFadden, 1994), it follows that

U= arg gélj{l/ ‘f‘Tgt(V)‘ L

Proof 9.4 Proof of Theorem 4.1.
Let vg € N C (4,00) denote the true value of the tail parameter. Define the sample moment

function:

v 2 1,
Jgt(y) = 1/}(1) (%) + 7/’(1) (5) - Vy* (0) + g'Yy*(l)v
which satisfies frﬁt(ﬁ) = 0 by definition of 0. The corresponding population moment function is

F5w) = O (1) + D () = 3y (0) + ;w(l),

with a unique root at v = vy by Assumption 4.1.

Under Assumptions 2.1 and 3.1, the process y; is strictly stationary and [-mizing with finite
fourth moments. As a result, by Lemma 4 of Ahsan et al. (2025a), the sample autocovariances

satisfy:

JT 'AYy*(O)_’Yy*(O) i)N(O,E),
Fy= (1) — 7+ (1)

where ¥ is the long-run variance-covariance matriz of the vector (Y, (0), Yy (1)).

By the continuous mapping theorem,
VTU%WWJ&%HZVTP@MW—%WW+;@MU—%¢N-gN@ﬁ%
with

1
—1/¢

1
0']2c := Var (fAyy*(O) - (b’?y*(l)) =c'Yc, wherec=

Since f2t(0) =0, a first-order Taylor expansion around vy yields:

St v
0= F5(6) = £ 00) + ()« | 2L

v=v

} +0)(T71/?),
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for some v € (vp,0). Solving for v — vy, we obtain:

St v
VTG — ) = — [afT (v)

-1
LT ) ),

v=v

By Assumptions 4.1-4.2, the derivative

O15'(v) v 015W)

ov ov W (@) 7 0.

2

1
2

v=1g

By Lemma 4.1, U LN vy, SO U LN vy as well. Hence, by Slutsky’s theorem,
d o
VT — 1) S N <0, f2> :
[3-v® (3)]

Proof 9.5 Proof of Lemma 4.2.
The argument mirrors that of Lemma 4.1. Under Assumptions 2.1 and 3.2, the process y; is
strictly stationary and ergodic with finite moments of all orders. By Lemma 8 and Theorem 1 of

Ahsan et al. (2025a), we have:
Ay=(h) 2, Yy (h), for h=0,1, and oL 6.

Thus, the sample moment function:

00,

I
7 N\
| Do
N~
[\]
<
=
N
| =
~__
§>
*
—
=
+
CE2>
PN
—_

converges pointwise in probability to:
GED 2\? (1 Yy (1)
[ w) == ) (=) =y (0) + :

Continuity of f%gp(y) and f9€P(v) over N, together with the uniqueness of the root vy, implies

that v 2 1 by standard Z-estimator arguments (e.g., Newey and McFadden, 1994).

Proof 9.6 Proof of Theorem 4.2.

Let vy € N C (0,00) denote the true tail parameter. Define the sample moment function:

1%

2P (w) = <2>2w<” (i) — 4y (0) + ;ﬁy*(l),
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which satisfies fggD( ) = 0 by definition of 0. The corresponding population moment function is

2w = (2) 00 (1)~ 0+ S,

with a unique root at v = vy by Assumption 4.3.

Under Assumptions 2.1 and 3.2, the process y; is strictly stationary and [-mizing with finite
fourth moments (since all moments exist for the GED distribution). As a result, by Lemma 4 of

Ahsan et al. (2025a), the sample autocovariances satisfy:

JT Ay (0) = vy (0) i>N(O,Z),
%*(1) - ’Yy*(l)

where ¥ is the long-run variance-covariance matriz of (Jy=(0),4y=(1)).

It then follows from the continuous mapping theorem that:

VT [75P (vo) = f9P ()] = VT [(%*(0) — 1 (0)) + ;(%*(1) — ()| S N(0,09),

with
2 ~ 1 N T 1
of = Var [ 4y+(0) = =4y+(1) | =c Xec, wherec=
¢ -1/¢
Since f%gp(ﬁ) =0, a first-order Taylor expansion around vy gives:
) X 8fg5D B
0= f7P(0) = f77P(vo) + (7 = vo) - [ 8y< A | o),

for some v € (vp,0). Solving for v — vy, we obtain:

GED
V(=) = [af (v)

ov

] VT 7P (o) + 0p(1).

By Assumptions 4.3—4.4, and by continuity of fggp( ), we have:

af7eP (v) », af9P (v) _ 8 (! 4 o1
) e () e

ov ov
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Finally, by Slutsky’s theorem:

VT — 1) S N o, i

[0 () - ve )]
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9.2 Complementary simulation results

Table 7: Estimation of SV models with Student-t errors and intermediate heavy-tails

T 5 Moder;;e persis(tjeynce ] 5 Higl;i)ersisten;le/ ]
Heavy Tails (Fin. app.) 0.90 1.00 1.50 5.00 0.95 1.00 1.50 5.00
TSV (R N R O L A
e B, W DE GG am 4w G
wania G- B 00N DR DI me i G
Wi ooa D, OO ML R La o ame ale 0w
W-ARMA (/=10)  RlE 0l 0262 0086  As8 0000 03M0 0081 a7
WO waminow B, NI 0 0N dme e ol hon i
IOV -
W-ARMA (/=200 RVSE 0017 073 043 368 0010 0345 o0l 5.4
W-ARMA (/=10)  RVSE 0005 0238  0o0s6 3006 0006 0270 0031 2052
W0 o D N DE D0 dml od o om a
MRS T I
wanoomo B, S0 05 480 LB bE 4 4 L8
Light-Tails/Near Normal 0.90 1.00 1.50 10.00 0.95 1.00 1.50 10.00
W-ARMA (/=10)  RVSE 0020 024 0l 3219 0018 0475 o1l 5171
00 W-ARMA (7=50)  RVSE 002 024 0431 o ool 0471 ol 2910
W-ARMA (/=100 RVSE o220 061 28 0ols 0473 ol 267
W-ARMA (J=200) RNigE 0026 025 0218 2208 00l o 023 277
W-ARMA (/=10)  RNiSE  oli 0199 0085 3620 0009 07 000  S4n
000 W-ARMA(J=50)  RVSE 0015 0100 0097 520 000 032 0106 5308
W-ARMA (/=100 RVSE  ols 0201 0112 312 0009 06 ol 521
W-ARMA (/=200 RUSE  0ois 0205 0115 282 0ol 087 0157 2908
W-ARMA (/=10)  RUSE 0009 01 0034 6% 0005 0219 003 5706
W00 W-ARMA(J=50)  RVSE 000 0155 006  Sesl 0006 0220 0070 568
W-ARMA (/=100 kViSE  oolo 015 0o 3415 0006 020 0074 3270
W-ARMA (/=200 ple 0011 oiss  oos 332 0007 0202 ooss 5oms

Notes: Bias and RMSE are computed over 10,000 Monte Carlo replications. Moderate (high) persistence corresponds
to ¢ = 0.90 (¢ = 0.95). Variance parameters are set to oy = 1 and o, = 1.5. The intermediate heavy-tail cases
correspond to, v = 5.0 (top) and v = 10.0 (bottom). RMSE for v is reported as RMSE/v. J denotes the winsorisation

parameter.
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Table 8: Estimation of SV models with Student-GED errors and heavier-tails

T Moderate persistence High persistence
5 oy oz v 5 oy 7 v
Heavier tails 0.90 1.00 1.50 1.20 0.95 1.00 1.50 1.20
W-ARMA (/=100 RNiSE 0025 026i 03 03 0013 057 0121 0200
00 W-ARMA (J=30)  RVe 002 0206 013 0 0013 0578 0147 0505
W-ARMA (/=100 RVSE 0022 0271 0155 0263 001 0500 0%60 0260
W-ARMA (/=200 RUSE 0025 028 0105 029 001 0613 0221 0228
W-ARMA (/=100 RNisE 0013 081 0098 0188 0000 0370 008 0179
W00 W-ARMA(/=50)  RusE o015 018 010  olsi  oolo 037 o010 0ls7
W-ARMA (/=100 Ve ools oisr  0dor  0lr ool oss0 0115 0177
W-ARMA (/=200 RVSE  ooir o101 01%  0ler 00l o0s 0l 0165
W-ARMA (/=100 RNisE 0005 016 0os 0111 0006 027 0054 0100
W0 W-ARMA (/=50 RMss  oolo ol 0o 011l 0007 0228  0or 0111
W-ARMA (/=100 RNE  oolo o117 0067 olos 0008 0229 0074 o108
W-ARMA (/=200 ple  oil  otls 0076 olos 0007 0251 008 o105
Laplace (double-exp.) 0.90 1.00 1.50 1.00 0.95 1.00 1.50 1.00
W-ARMA (/=100 RNisE 002 0265 013 0200 0013 057 0125  01%6
00 W-ARMA (7=50)  RVsE 0023 0267 013 olol 0013 038 0130 0190
W-ARMA (/=100 RNE 0023 02m 0152 ol 00l 0502 0l60 017
W-ARMA (/=200 RVSE 0026 0258 0190 019 0013 0613 0222 0150
W-ARMA (/=100 RNisE 0015 0% 0095 013 oolo o0so  o0os 0121
W W-ARMA (/=50 RMsE  oole 0% 0ol 012 oolo o0s9  0in 01
W-ARMA (/=100 RUSE  ois 0im  010r o010 000 087 0115 0119
W-ARMA (J=200) pigE  ooir 0is o012 014 000 038 017 0114
W-ARMA (/=10)  RVE 0005 0115 0000 007 0006 022 005 0073
W0 WARMA(J=50)  Ruse  oolo 0115 0063 007 0006 022 0072 0070
W-ARMA (J=100) RNisE 0010 0ilo 0os7 0075 0008 0220 0078 007
W-ARMA (J=200) RNiSE 0010 0417 oors  ooti o005 o028 ooms o007

Notes: Bias and RMSE are computed over 10,000 Monte Carlo replications. Moderate (high) persistence corresponds
to ¢ = 0.90 (¢ = 0.95). Variance parameters are set to oy, = 1 and o, = 1.5. In the heavier-tail cases correspond to

v = 1.20 (top) and v = 1.00 (bottom). J denotes the winsorisation parameter.
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Table 9: Empirical performance of hypothesis tests for heavy tails with Student-t distribution and
alternative null hypothesis

Hp: v=3vs. H: v#3 Hp: v=5vs. H: v#5
T ¢ = 0.90 ¢ =0.95 ¢ = 0.90 ¢ =0.95
Asy LMC MMC Asy LMC MMC Asy LMC MMC Asy LMC MMC

Empirical size

500 3.0 4.4 0.5 0.7 4.3 0.4 0.9 5.8 1.2 0.1 4.5 0.5
1000 7.3 5.8 1.3 3.2 3.8 0.9 4.4 5.2 1.1 1.9 6.0 1.5
2000 8.8 5.8 2.1 4.8 4.1 1.4 6.9 5.8 2.0 2.4 4.0 1.6
5000 11.3 4.0 0.9 6.3 3.3 11 11.3 4.0 0.4 6.2 3.9 0.7
10000 9.4 4.0 0.3 7.0 4.0 0.9 10.8 3.9 0.4 7.4 3.9 0.7

Empirical power

500 13.8 9.9 1.0 5.2 8.9 0.7 2.4 2.9 0.3 0.6 1.7 0.4
1000 23.0 20.8 6.4 13.1 22.3 5.2 1.3 1.5 0.2 0.2 1.3 0.2
2000 58.5 54.7 31.6 44.6 51.9 28.2 1.1 1.8 0.0 0.1 2.0 0.0
5000 93.8 93.8 82.2 90.0 92.2 80.5 23.7 23.7 0.9 7.4 20.7 1.8
10000  99.8 99.8 98.4 99.9 99.9 98.8 59.4 57.5 22.0 49.4 59.3 27.6

Notes: Empirical performance are computed over 1,000 replications. Moderate (high) persistence corresponds to
¢ =0.90 (¢ = 0.95). Variance parameters are set to oy = 1 and o, = 1.5. Throughout, the winsorisation parameter
is fixed at J = 100. The parameter v takes the value specified by the null hypothesis being when evaluating the
empirical size (i.e. v = {3,5}) - top panels) or v = 30 when evaluating the empirical power of the test (bottom

panels).
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9.3 Complementary empirical results

Table 10: Summary statistics

Sample from 2000-Jan-04 to 2023-May-31 (T = 5, 889)

Series Mean SD Kurtosis SK Range Min Max LB(10)

S&P500 Yt 0.00 1.25 10.16 -0.37 23.72 -12.78 10.94 97.32
(T =5,889) y? 1.56 5.43 271.31 13.58 163.41 0.00 163.41 5741.49
y; 0.00 2.58 2.47 -1.07 25.33 -18.64 6.70 1636.99

DOWJ Yt 0.00 1.19 12.53 -0.37 24.61 -13.86 10.75 110.28
(T = 5,889) yt2 1.41 5.39 411.54 16.55 192.10 0.00 192.10 5809.00
y; 0.00 2.54 1.82 -0.98 22.37 -15.42 6.95 1551.33

NASDQ Yt 0.00 1.60 6.06 -0.13 26.40 -13.17 13.24 63.06
(T = 5,889) y? 2.56 7.26 161.34 10.04 175.17 0.00 175.17 4230.10
Y 0.00 2.56 2.37 -1.07 24.46 -18.28 6.19 1979.06

Notes: 1. y; = ry — p is the residual return, 37 is the squared of residual return and y; is the residual of log squared
of residual return. 2. LB(10) is the heteroskedasticity-corrected Ljung-Box statistics with 10 lags. The critical values

for LB(10) are: 15.99 (10%), 18.31 (5%), and 23.21 (1%).
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Figure 1: Time series of stock indices from 2000-Jan-04 to 2023-May-31 (7" = 5, 889)
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Notes: Demeaned returns are shown (i.e., y+ = rs — u) for each stock index.
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